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Abstract. In this paper, we present a new SAT solver that combines
a recently proposed local search algorithm — unitwalk — with efficient
unit propagation techniques. Unlike many other local-search SAT algo-
rithms, unitwalk’s search relies heavily on unit propagation. In our solver,
QingTing", unit propagation is implemented with an efficient unit prop-
agation algorithm using an underlying lazy data structure. By comparing
it to a more basic data structure, we empirically show how our approach
is able to significantly reduce memory access in terms of clause and literal
visits. Experiments also show that QingTing is up to five times faster
than the original unitwalk solver on a wide range of benchmarks and
competitive with other state-of-the-art SAT solvers.

1 Introduction

The propositional satisfiability problem, SAT, is probably the most fundamental
and well-studied combinatorial problem. The Web has become the universal
resource to access large and diverse directories of SAT problem instances [1],
SAT discussion forums [2], and SAT experiments [3], each with links to SAT-
solvers that can be readily down-loaded and installed.

In general, SAT solvers fall into two categories. In our experimental context,
complete SAT solvers have three possible outcomes: (i) they find a satisfying
assignment for the input formula, (ii) they declare the formula unsatisfiable, or
(iii) they time out. Some state-of-the-art complete solvers include GRASP [4],
sato [5], and chaff [6]. Incomplete SAT solvers only have two outcomes, finding
a solution or timing out. The latter can mean either that the formula is unsatis-
fiable or that the search was terminated too early. Well known incomplete SAT
solvers include GSAT [7] and walksat [8].

New competitive SAT solvers continue to be introduced. Two sophisticated
examples are OKsolver [9] and 2clseq [10], both of which employ extensive com-
putation at each node of the search tree. Recently, Hirsch and Kojevnikov [11]
proposed and implemented a new local search (incomplete) algorithm called
unitwalk. Despite its simple implementation, the unitwalk solver dominates some
of the state-of-the-art solvers on benchmarks such as scheduling, microproces-
sor verification, and random 3-SAT. Unlike many other local search algorithms,
unitwalk relies heavily on unit propagation and any speedup gained on this oper-
ation will directly boost the solver’s performance. Our solver QingTing is based

! The source code is available at http://pluto.cbl.ncsu.edu/EDS/QingTing



on the unitwalk algorithm and implements unit propagation efficiently using
Zhang’s unit propagation algorithm [12] with chaff’s lazy data structure [6].

This paper is organized as follows. In the rest of this section, we introduce
basic notation and the unitwalk algorithm. We describe how unit propagation
is implemented in QingTing and its effect on reducing clause and literal visits
in Section 2. The experimental setup and results for QingTing are presented in
Section 3. We conclude the paper and describe some future research directions
in Section 4.

1.1 Basic Notation

We consider algorithms for SAT formulated in conjunctive normal form (CNF). A
CNF formula F' is the conjunction of its clauses where each clause is a disjunction
of literals. A literal x in F' appears in the form of either v or its complement v,
for some variable v. A clause is satisfied if at least one literal in the clause is
true. F' is satisfiable if there exists an assignment for variables that satisfies each
clause in F'; otherwise, F' is unsatisfiable. A clause containing only one literal is
called a unit clause.

Consider a CNF formula F' and let = be a literal in the formula. Then F' can
be divided into three sets:

— A={xzV Ay, -2V Ay} : the clauses that contain x.
— B={ZV By, -+, TV By} : the clauses that contain Z.
— R={Ry, -, R} : the clauses that contain neither x nor Z.

When z is set true, the unit propagation operation, F := F[zr « true], will
delete T from B and remove A from F. New unit clauses may arise and unit
propagation continues as long as there are unit clauses in the formula.

1.2 The unitwalk Algorithm

The unitwalk algorithm is shown in Figure 1. Like any typical local search al-
gorithm, unitwalk generates an initial assignment for the variables at random
and then modifies it by complementing (flipping) the value of some variable in
each step. An iteration of the outer loop is called a period. At the beginning of a
period, a random permutation of the variables is chosen and the algorithm will
start doing unit propagation using the assignment for the first variable in the
permutation. The unit propagation process modifies the current assignment and
will continue as long as unit clauses exist. When there are no unit clauses left and
some variables remain unassigned, the first unassigned variable in the permuta-
tion along with its current assignment is chosen to continue the unit propagation
process. The algorithm is guaranteed to make local moves by flipping at least
one variable assignment within a period. If at the end of a period, the formula
becomes empty, then the current assignment is returned as the satisfying so-
lution. The parameter MAX_PERIODS determines how long the program will
run. In our experiments with unitwalk and QingTing, MAX_PERIODS is set to
infinity (the same setting used by Hirsch [11]), but the program is terminated if
it runs for longer than 30 minutes (our “time out” setting).



Algorithm unitwalk
Input: A formula F' in CNF containing n variables vy, - - -, vy,
Output: A satisfying assignment or ”No solution found”
Method:
A := random truth assignment for n variables
for p:=1 to MAX_PERIODS do
7 := random permutation of 1,---,n
G := F; flipped := false
for i :=1ton do
while G contains a unit clause do
Pick a unit clause {v;} or {v;}
if this clause is not satisfied by A and G doesn’t contain the
opposite unit clause then flip A[j] and set flipped := true
G i= Glv, — Alj]
end do
if variable v,[; still appears in G then G := Glvg[y) — A[r[i]]]
end do
if G contains no clauses, then output A and exit
if flipped = false, then choose j randomly from 1,---,n and flip A[j]
end do
Output ”"No solution found”

Fig. 1. The unitwalk algorithm.

2 Efficient Unit Propagation Using a Lazy Data Structure

As we have seen, unitwalk relies heavily on unit propagation. Therefore, the
performance of any wunitwalk-based solver depends on how fast it can execute
this operation, which, in turn, is largely determined by the underlying data
structure. In this section, we briefly review counter-based adjacency lists as a
data structure for unit propagation. This appears to be the structure used in the
unitwalk solver?. We then present the data structure used by QingTing. Last, we
show empirically that QingTing’s data structure reduces the number of memory
accesses in terms of clause and literal visits.

2.1 Counter-Based Adjacency Lists

Variations of adjacency lists have traditionally been used as the data structure
for unit propagation. One example is the counter-based approach. Each variable
in the formula has a list of pointers to the clauses in which it appears. Each
clause has a counter that keeps track of the number of unassigned literals in the
clause. When a variable is assigned true, the following actions take place.

1. The clauses that contain its positive occurrences are declared satisfied.
2. The counters for the clauses that contain its negative occurrences are decre-
mented by 1 and all its negative occurrences are marked assigned.

2 All data in this section are based on wunitwalk 0.944. It is available at
http://logic.pdmi.ras.ru/~arist/UnitWalk.



3. If a counter becomes 1 and the clause is not yet satisfied, then the clause is
a unit clause and the surviving literal is found using linear search.

The case when the variable is assigned false works analogously. It is important
to realize that when a variable is assigned, every clause containing that vari-
able must be visited. Moreover, the average number of literal visits to find the
surviving literal in a unit clause is half of the clause length.

2.2 A Lazy Data Structure

Recently, more efficient structures (often referred to as “lazy” data structures)
have been used in complete SAT solvers to facilitate unit propagation [13]. Some
examples include sato’s Head/Tail Lists [14] and chaff’s Watched Literals [6].
Head/Tail Lists and Watched Literals are very similar. In our solver QingTing,
we use the Watched Literals approach. Every clause has two watched literals,
each a pointer to an unassigned literal in the clause. Each variable has a list
of pointers to clauses in which it is one of the watched literals. Initially, the
two watched literals are the first and last literal in the clause. When assigning
variables, a clause is visited only when one of the two watched literals becomes
false. Then the next unassigned literal will be searched for, which leads to three
cases:

1. If a satisfied literal is found, the clause is declared satisfied.

2. If a new unassigned literal is found and it is not the same as the other
watched literal, it becomes a new watched literal.

3. If the only unassigned literal is the other watched literal, the clause is de-
clared unit.

A unit clause is declared conflicted when it is unsatisfied by the current assign-
ment of the variable in the unit clause. As new unassigned literals are discovered,
the list of pointers associated with each variable is dynamically maintained. The
unit propagation method we just described is based on Zhang’s algorithm [12].

2.3 Reducing Clause and Literal Visits

Using the Watched Literals data structure, we have reduced the number of clause
visits during unit propagation:

— Unlike the adjacency list approach, assignments to clause literals other than
the two watched literals do not cause a clause visit: a clause does not become
unit as long as the two variables of the watched literals are unassigned.

— In addition, the process of declaring a clause satisfied is implicit instead
of explicit. An assignment satisfying a watched literal doesn’t result in a
clause visit. However, there is a trade-off. Since the clause is not explicitly
declared satisfied, a new unassigned literal in the clause will still instigate
a search when the other watched literal is made false. With the traditional
counter-based structure, these extra searches are avoided.



Unitwalk and QingTing_ AL use counter-based adjacency lists; QingTing uses
Watched Literals. We run each solver 128 times on each benchmark with different
seeds and report the mean and standard deviation (in the form mean/stdev) of the
runtime, number of periods and flips, and number of clause and literal visits. There
are two exceptions: (1) the number of clause and literal visits is not reported in
the program output by unitwalk, and (2) runtime is not reported for QingTing-AL
because it is implemented inefficiently — its execution time is not comparable with
the other two solvers.

We observe that, though the reported number of periods and flips is virtually the
same for unitwalk, QingTing_ AL, and QingTing, QingTing has fewer clause and
literal visits, especially for queen19 and bw_large_b. For uf250-1065_087, QingTing
has fewer clause and literal visits, but runs slower than unitwalk. This slow-down
is the cost of dynamically maintaining the Watched-Literals data structure when
an assignment does not result in a unit propagation.

128 experiments on the queen19 benchmark

Solver Periods Flips Visits runtime
unitwalk 29/34 363/228 N/A 0.27/0.30
QingTing AL 29/30 358/207 6.30e5/6.67e5 /-
QingTing 22/23 316/160 8.50e4/8.61e4 0.05/0.05
128 experiments on the bw_large_b benchmark
Solver Periods Flips Visits runtime
unitwalk 204/207 1.20e4/1.19e4 N/A 3.00/3.03
QingTing AL 176/173 1.03e4/9.64e3  5.71e6/5.59¢6 —/-
QingTing 200/234 1.19e4/1.35e4  3.46e6/4.03e6 1.71/2.00
128 experiments on the uf250-1065_.087 benchmark
Solver Periods Flips Visits runtime
unitwalk 9.59e3/8.60e3  5.64e5/4.61eb N/A 10.9/9.77
QingTing AL 1.29¢4/1.08¢4 6.89¢5/5.81e5  4.42e7/3.72e7 /-

QingTing 1.10e4/1.15e4  6.15e5/6.41e5  3.27e7/3.40e7 15.8/16.5

Fig. 2. Performance comparisons of unitwalk, QingTing AL and QingTing on
three benchmark instances.Table entries report mean/standard-deviation of each
metric.

We devised two versions of QingTing, implementing the unitwalk algorithm
with each of the data structures described above. We compared their perfor-
mances with the wunitwalk solver. We ran all our experiments on a P-I1Q266
MHz Linux machine with 196 MBytes of physical memory. In local search solvers
such as unitwalk and QingTing, significant variability of performance metrics can
be observed by simply repeating experiments on the same instance, randomly
choosing the seed. In order to make our experiments have much statistical sig-
nificance, we run each solver 128 times on each benchmark with different seeds
and report the sample mean and standard deviation of periods, flips and runtime
(the time to find the first solution) for each solver in Figure 2. It shows that all
three solvers have approximately the same number of periods and flips for the
three benchmarks from different problem domains. However, the sample mean
and standard deviation of the number of clause and literal visits are consistently



less with the Watched-Literals approach. The ratio of improvement varies on
different benchmarks.

3 Experimental Setup and Results

In this section, we evaluate the performance of QingTing more thoroughly by
comparing it with two versions of unitwalk and two other state-of-the-art com-
plete solvers, sato and chaff. But first we take a more detailed look at the be-
havior of unitwalk (version 0.944) and QingTing.

Drawing on our experiences with solver variability (as reported in [15]) ex-
periments involving multiple runs were done in three different ways: (1) identical
input but with varying random seed, (2) multiple instances in which clauses and
literals are randomly permuted (an I class), and (3) multiple instances in which
variables are randomly renamed and complemented, and clauses and literals
permuted (a PC class). For unitwalk and QingTing all of these methods yielded
statistically equivalent results. However, the other two solvers are determinis-
tic, ruling out method (1). Furthermore, only the PC class gives a true average
for various performance measures (see [15]). Thus, all results reported in this
section are for PC class experiments.

3.1 Detailed Comparison of unitwalk and QingTing

To demonstrate the effectiveness of the lazy data structures, we took one of
the most challenging benchmarks for unitwalk, bw_large_c, and looked at the
distribution of three random variables on 32 runs each of unitwalk and QingTing
— see Figure 3. As expected, the number of periods and flips exhibits exponential
distribution with roughly the same mean and standard deviation for both solvers.
However, the mean and standard deviation of runtime for QingTing are less than
half those of unitwalk. As the chart at the top left of Figure 3 illustrates, within
just over 200 seconds, more than half of the QingTing executions have finished,
while only a third of the unitwalk ones are done. At around 500 seconds Qing-
Ting’s executions are almost all finished and only half of unitwalk’s are. At
1800 seconds, all QingTing’s executions are finished and two instances time out
for UnitWalk.

3.2 Comparisons with Other Solvers

Our experiments comparing unitwalk and QingTing with other solvers are based
on two sets of reference benchmarks, all satisfiable. For the benchmarks in the
first set, unitwalk and QingTing perform significantly better than the complete
solvers: the queens problem subset (queen16 and queen19), the scheduling prob-
lem subset (sched06 and sched07 ), and the random 3-SAT problem subset
(uf250-1065_027 and uf250-1065_087 are two instances from the uf250-1065
benchmark set). For the benchmarks in the second set, unitwalk and QingTing
perform relatively poorly when compared to the complete solvers, although
the performance of QingTing is consistently better: the blocks-world problem
subset (bw_large b and bw_large_c), and the logistic planning problem subset
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Fig. 3. Solvability functions of QingTing and unitwalk induced by solving 32
PC-class instances of bw_large._c.

(logistics_a, logistics_b and logistics_c). For each reference benchmark,
we performed experiments on the reference as well as 32 instances from the as-
sociated PC-class. Results for sato and chaff on all but the logistics subset are
from earlier experiments with an identical setup [15].

We also include the latest version (0.981) of unitwalk and denote it by UW2 in
the tables (version 0.944 is called UW1). UW2 combines the unitwalk algorithm
with the walksat algorithm3.

Figure 4 shows the results (execution time only) of experiments with other
satisfiable benchmarks. The most dramatic results are those for the queens-
problem and scheduling instances, where QingTing is nearly five times faster
than unitwalk and becomes the new champion among the solvers we tested. The
lack of improvement over unitwalk for random instances, as already noted in
Figure 2, appears to be due to the overhead of frequent data-structure updates.
We observe that even though we save modestly on the number of clause and

3 See http://logic.pdmi.ras.ru/~arist/UnitWalk for more information.



Table entries report the mean/standard-deviation of runtime.

Solvers queen16 queenl9 sched06 sched07 uf250..27 uf250..87
QT 0.04/0.03 0.08/0.05 0.04/0.03 0.10/0.09 10.2/10.8 16.7/17.2
UWwW1 0.10/0.10 0.39/0.37 0.20/0.19 0.40/0.42 6.84/6.46 12.3/12.5
Uw2 0.18/0.18 0.52/0.49 0.29/0.29 0.67/0.70 0.48/0.41 0.39/0.29
sato 0.07/0.09 0.21/0.58 4.52/18.3 433/1153 93.3/106 148/213
chaff 1.11/0.48 98.4/46.4 18.0/20.5 13.4/11.2 69.4/62.0 614/311

Solvers bw_large b bw_large.c logistics_a logistics.b logistics_c
QT 2.93/3.11 267/219 130/177 5.25/4.41 107/105
UW1 4.27/3.02 591/555 374/388 12.4/11.6 206/216
UW2 6.23/5.44 904/599 576/531 20.0/18.9 307/326
sato 0.84/0.32  78.5/31.0 1.54/1.67 0.96/0.51 19.1/63.7
chaff 0.09/0.04  3.96/2.18 0.14/0.03 0.14/0.04 0.37/0.08

Fig. 4. Performance comparisons for wnitwalk 0.944 (UW1), unitwalk 0.981
(UW2), QingTing (QT), sato, and chaff on 32 PC-class instances for each of
the respective benchmarks.

literal visits, significant amount of time (around 27%) is spent on updating the
dynamic data-structure in QingTing.

UW?2 is slower than UWI on queens problems and scheduling instances,
but improves dramatically on the random 3-SAT problem instances. Intuitively,
walksat, which doesn’t utilize unit propagation, can’t take advantage of the struc-
ture of the benchmark instances; therefore, it works poorly on highly-structured
benchmarks such as queens-problem and scheduling. However, walksat appears
to be very effective on random 3-SAT problem instances, which lack structure.

The lower table in Figure 4 shows results on highly-structured benchmarks
that have traditionally put local-search solvers at a disadvantage over complete
solvers. Even though neither QingTing nor unitwalk is competitive with the
other solvers on these benchmarks, QingTing consistently outperforms both ver-
sions of unitwalk. Again, as expected, UW2 runs slower than UW1 on all these
benchmarks. It actually times out on four instances from bw_large_c and two
instances from logistics_a. We hope to incorporate some of the better algo-
rithmic features of the complete solvers into future versions of QingTing, as we
have already done with data structures.

4 Conclusions and Future Research

We have introduced a new solver QingTing based on the unitwalk algorithm.
With an efficient implementation using the Watched Literals data structure,
QingTing runs up to five times faster than the original unitwalk SAT solver.
We have also experimentally measured the effect data structures have on the
number of clause and literal visits required for unit propagation. We believe the
following research directions are worth pursuing:



— Improve QingTing’s performance on benchmarks from the domain of block

world and logistic planning by analyzing the structure of these benchmarks
and QingTing’s corresponding behaviors.

— Incorporate learning techniques such as clause recording; these have been

widely used in complete solvers. It would be interesting to see their impact
on local-search-based solvers such as QingTing.

— Study how the walksat algorithm is used in UWZ2. It appears to be very

effective on random 3-SAT problems.
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