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ABSTRACT
Experimental evaluation of SAT algorithms has been prac-
ticed and debated with considerable intensity over the last
decade. Typical comparisons involve a collection of unre-
lated benchmark instances. Algorithms are evaluated on
the basis of their total or average execution time for the
collection.

We propose a significant departure from this approach.
By introducing equivalence classes of closely related instances
for each reference formula, we can experimentally deduce the
95% confidence interval of the mean time-to-solve and other
significantly correlated metrics. Instances derived from the
reference formula that are perceived ‘hard’ by the algorithm
under test may exhibit max/min ratios of a metric that
can range anywhere from 2 to 1000 and beyond. In such
cases, comparisons based on single formulas have no statis-
tical merit.

A total of four class types are formalized and experiments
are performed on at least 32 instances in each class. We
introduce an experimental design environment and present
experimental results that reveal startling, and statistically
significant, differentiations between three state-of-the art al-
gorithms and a vanilla DPLL algorithm. As a side benefit,
these results provide a number of insights to improve each
of these algorithms.

1. INTRODUCTION
The propositional satisfiability problem, SAT, is at the core
of the NP-hard problems and has been studied in the context
of automated reasoning, computer-aided design, computer-
aided manufacturing, machine vision, database, robotics,
scheduling, integrated circuit design, computer architecture
design, computer networking, etc. The Web has become the
universal resource to access large and diverse directories of
SAT problem instances [1], SAT discussion forums [2], and
SAT experiments [3], each with links to SAT-solvers that
can be readily downloaded and installed. Up-to-date survey

∗The experiments, as reported in this paper, could not have
taken place without SAT-solvers such as chaff, satire, and
sato. We thank authors for the ready access and the excep-
tional ease of installation of these software packages.

articles on the SAT problem are also readily available on the
Web, e.g. [4, 5].

Traditionally, the performance of SAT algorithms has been
evaluated experimentally either in terms of randomly gen-
erated instances of SAT problems, e.g. [6, 7], or structured
instances, such as the instances from the DIMACS set [8] or
the SATPLAN set [9]. Merits of either approach are subject
to on-going critique and examination [10], [11], [12] in par-
ticular, and [13], [14], [15] in general. The papers [13] and
[14] succinctly articulate the case for careful experimental
design – an approach adopted for the experiments with SAT
problems in this paper.

The experimental design methodology presumes availabil-
ity of well-defined classes of experimental subjects. In our
earlier work we identified and created classes of experimen-
tal subjects from VLSI circuits and applied them to test-
ing the performance of algorithms ranging from optimiza-
tion of logic, BDD variable ordering, partitioning, routing
and placement, and crossing number in bigraphs [16, 17,
18, 19]. For the SAT problems, formulated as cnf formulas,
we introduce in this paper four distinct equivalence classes
of instances, each derived by applying well-defined variable
permutation and complementation rules. These rules were
originally introduced to define equivalence classes of Boolean
functions [20], and more recently, to experimentally classify
intrinsic properties of Boolean graphs in the context of BDD-
based variable ordering [21].

The experimental methodology proposed in this paper
marks a significant departure from the traditional approach
to SAT problem testing, where experimental results are re-
ported for single instances of unrelated formulas. By in-
troducing equivalence classes of closely related instances for
each reference formula, we can experimentally deduce the
95% confidence interval of the mean time-to-solve and other
significantly correlated metrics. Instances derived from the
reference formula that are perceived ‘hard’ by the algorithm
under test may exhibit max/min ratios of a metric that
can range anywhere from 2 to 1000 and beyond. In such
cases, comparisons based on single formulas have no statis-
tical merit.

For each reference formula, we currently create at least
two distinct classes with 32 instances in each class. To
manage large volumes of data and automated generation
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(b) single instances from SATPLAN benchmark set

(a) single instances from DIMACS benchmark set
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One of the traditional approaches to reporting
results of SAT algorithm is the time-to-solve
performance of single instances of mostly un-
related benchmarks, such as the ones from the
DIMACS set [8] or the SATPLAN set [9]. In
addition, the tabulated results are averaged to
argue merits of each algorithm.

This paper marks a significant departure from
the traditional approach. We apply the experi-
mental design methodology to deduce the most
likely average case performance of each algo-
rithm for each reference benchmark, such as
the instances marked as ‘a’ (hanoi), ‘h’ (hole),
‘p’ (pret), ‘q’ (queen) in DIMACS graph. The
unmarked instances refer to a subset from the
‘ii’ and ‘quasi’ data sets. In the SATPLAN
graph, we marked only the instances of ‘u’
(bw large u) and ‘s’ (bw large s).

The example of instance hole10 (110 vari-
ables) in this figure reports 48.8, 300.2, and
98.6 seconds for chaff, sato, and satire. Later
in the paper, we report the averages, at 95%
confidence level, of 451.1 and 182.3 seconds for
chaff and sato, while satire times out at 1800
seconds (satire starts timing out at 1800 sec-
onds already for the hole class instances with
72 variables). In addition, the min/max values
for chaff and sato are 48.8/736.9 and 98.6/207.9
seconds, respectively.

More startling results follow.

Figure 1: Performance experiments with SAT algorithms on single instances of mostly unrelated benchmarks.

of uniform reports from any SAT algorithm under test, we
created a cross-platform test bed, ‘doeSAT’, that can be
readily accessed and installed by other researchers, just as
is the case for current data sets and SAT-solvers. By iden-
tifying metrics that closely correlate with platform-specific
time-to-solve metric, the environment supports repeatabil-
ity and universal portability of SAT experiments, given that
input data sets, and the algorithms under test have not
been changed. The new experimental results to date re-
veal startling, and statistically significant, differentiations
between three state-of-the art algorithms chaff [22], satire
[23], and sato [24] as well as a vanilla DPLL algorithm [25,
26], implemented as per pseudo-code in [27]. As a side ben-
efit, these results provide (1) a number of insights to poten-
tially improve each of these algorithms, and (2) motivation
to design a truly new generation of SAT algorithms in the
future.

Paper organization.
(2) Background and Motivation;
(3) Equivalence Classes in CNF;
(4) Experimental Design and SAT;
(5) Reports of Experiments;
(6) Summary and Conclusions.

2. BACKGROUND AND MOTIVATION
One of the traditional approaches to reporting results of
SAT algorithms is the time-to-solve performance of single
instances of a reference formula in a conjunctive normal form
(cnf). At least two columns are tabulated for each instance
in a row: the time-to-solve for a newly proposed algorithm,
and the time-to-solve for the next best algorithm from an

earlier publication. In this paper we are not proposing a
new SAT algorithm, rather we are motivated to critically
examine, and to the extent possible, improve the reliability
of reporting results on the performance of SAT algorithms.

We begin this study by repeating a number of experiments
on well-known subsets of benchmark formulas with three re-
cently reported and readily available programs that imple-
ment the following algorithms: chaff [22], satire [23], and
sato [24]. All programs have been installed on a PC under
the Linux operating system and have been executed without
modification of the code or the benchmark instances posted
on the web. The time-out limit on how long a program
can run on a single instance has been set at 1800 seconds.
Rather than reporting time-to-solve results of experiments
in the traditional tabular format, we depict them in two
graphs in Figure 1. This representation is strictly for the
convenience of visualizing the presence of asymptotic trends
that suggest grouping a set of benchmarks into a family,
such as hole (marked with ‘h’), queen (marked with ‘q’),
hanoi (marked with ’a’), bw large u (unsat, marked with
’u’), and bw large s (sat, marked with ’s’).1

A quick view of the graph in Figure 1 may suggest the
following:

• For the hole family, satire appears outranked by the
other two algorithms; there is a cross-over of chaff and
sato.

• For the queen family, sato appears to significantly out-
rank other the two algorithms; there are cross-overs of

1Instances of queen and quasi formulas are not part of the
DIMACS set, they are available as part of the sato distribu-
tion.
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chaff and satire.

• For the hanoi family (marked with ‘a’), satire is the
only algorithm that does not time out on the instance
of hanoi5 (1931 variables), while all three algorithms
time out on the instance of hanoi6 (4968 variables).

• For the bw large u family, chaff appears to outrank
the other two algorithms, and satire times out for the
last two instances (2729 and 5886 variables).

Now, these quick visual observations should not be inter-
preted as ones that hold any statistical significance. What
should be of interest is the most likely average time-to-solve
each formula in the respective families, and the confidence
intervals associated with each of such averages. Such mea-
surements have not been done in the past since there was no
well-defined notion nor existence of an equivalence class for
each formula under test. A simple addition of all reported
time-to-solve values, as practiced by tradition in most pub-
lications as well as presently on the Web [3] can produce
inconclusive results. For example, the hole family consists
of instances hole6, hole7, hole8, hole9, and hole10. The sim-
ple sum-total for the hole family

time-to-solve (secs)
chaff satire sato
. . . . . . . . .

sum-total 58.1 352.7 114.8

is based on adding five time-to-solve values reported by each
algorithm and as such, has no statistical significance since
the vales reported, by the same algorithm, are orders of mag-
nitude apart. The analysis in this paper reveals that for 32
instances of the reference formula for hole10, time-to-solve
can vary, at least, from 48.8 to 736.9 seconds for chaff , and
from 98.6 to 207.9 seconds for sato. For satire, we can only
provide an estimated range of 300.2 to 1800 seconds, since
it times out at 1800 seconds. These results do not represent
an isolated case of a cnf formula and its equivalence class.
Rather, they are representative of a universal phenomenon
that will manifest itself each and every time we design the
experiments with instances from the same equivalence class.

A significant benefit of testing with equivalence classes, as
defined in this paper, will become apparent as we proceed:
consistency in cross-platform repeatability of SAT experi-
ments, measured not only with time-to-solve metric but also
other, highly correlated, metrics such as the total number
of implications.

3. EQUIVALENCE CLASSES IN CNF
Most readers are familiar with the metaphor of ‘apples and
oranges’: one simply is not expected to make a fair compar-
ison between the two – they are ‘too different’. We borrow
from this metaphor before moving on to the notion of cnf
instances from the same equivalence class and an illustra-
tive performance evaluation of four SAT algorithms on these
classes.

Oranges and Equivalence Classes. Suppose we want
to evaluate two treatments, one in form of a gas, the other
in form of a liquid spray, that will extend the shelf life of
oranges. One thing is clear, we’ll need creates of oranges.
Before initiating a comprehensive series of experiments, we
shall separate oranges into crates in accordance with a well-
defined classification scheme, e.g. such as the one shown

orangeFamily
- diameter_A

- skinType_a
orange0
orange1
orange2
...
...

orange32
+ skinType_b
+ skinType_c

+ diameter_B
+ diameter_C
+ diameter_D

An experimental design using or-
anges may consider the classifica-
tion scheme on the left. First, we
separate oranges by diameter and
consider diameters {A,B,C,D}.
Within each diameter class, we
separate oranges by the skin type,
e.g. {a, b, c}. We label a crate
with a given diameter and skin
type, mark a reference orange,
orange0, that meets all the re-
quirements of its specified di-
ameter and skin type, and fill
the crate with some 32 oranges,
each within the specified toler-
ance range for its diameter and
skin type, also marked by its in-
stance number.

Figure 4: An orange family classification scheme and
the process of creating experimental subjects.

in Figure 4. Furthermore, we shall require three crates for
each diameter and skin type: one for treatment0 (no treat-
ment), one for treatment1 (gas), and one for treatment2
(liquid spray). The significance of treatment0 cannot be
overstated, we’ll define its counterpart when designing ex-
periments with SAT algorithms. All crates are stored under
identical climatic conditions, and all oranges are tested for
freshness at periodic intervals. Statistical methods and tools
are used to evaluate the effectiveness of each treatment.

While we may consider the same treatments on apples,
we most likely will need to develop a distinctive classifica-
tion scheme, specific to apple brands, before designing the
experiments with apples.

A CNF Formula and Its Equivalence Classes. To
assemble a crate of oranges for a specific equivalence class,
we rely on monitors that evaluate the diameter and the skin
type, so that oranges in the crate are sufficiently ‘similar’
with respect to a reference orange before the experiment.
Still, small variations in diameter and skin type are expected
to occur naturally – most likely, they will have a normal
distribution.

The hardness of a cnf formula is encoded in the struc-
ture its representation itself and the total number of sat-
isfying assignments implied by the function represented by
the formula. Both may require exponential time and space
to characterize exactly. However, to create an equivalence
class of cnf formulas, all of the same hardness as the given
reference formula, is surprisingly simple. All we need is a
mechanism that perturbs the formula while maintaining its
structure and the number of satisfying assignments invari-
ant. Such mechanisms are provided by a few simple rules
that involve permutation, complementation, and renaming
of variables, introduced and illustrated in Figure 2, giving
rise to four equivalence classes: I-class (identity), C-class
(complement), P-class (permutation), and PC-class.

As shown in Figure 2, though the number of satisfying
assignments remains the same as that of the reference for-
mula, the solutions for each instance are different, except
for instances in the I-class. The question, whether each per-
turbed instance is actually perceived as ‘different’ by the
algorithm applied to the instance, is examined next.

3



Below is an illustration of the classes used in our experi-
ments. Each class is an equivalence class with respect to
the number of satisfying assignments and, to a degree, the
structure of the reference formula — the original instance
from which the class is derived. This reference formula is
chosen to represent a heterogeneous distribution of clauses.
It has six variables and induces four satisfying assignments.
The first two lines show the formula and a solution vector
for each of the four satisfying assignments (indexed from
left to right starting with variable 1).

Each formula is shown as a list of clauses and each clause
is a set of literals. A literal is either a positive integer i, de-
noting the variable xi, or −i, denoting xi, the complement
of xi.

The four solution vectors for each instance are lined up in
the same column as the corresponding solution vector for
the reference formula.

Descriptions of the four classes follow.

• I-class (identity) — variable names and function val-
ues are preserved; however, the order of appearance
of clauses and of literals within a clause may be per-
muted arbitrarily.

• C-class (complement) — variable names are pre-
served; a subset of the variables is complemented
(each occurrence of such a variable is complemented)
and both variables and clauses are permuted. The
first formula in the example complements 1 and 5;
the others complement {3, 5}, {1, 2, 6}, and {1, 2, 4},
respectively, as can be seen from the solution vectors.

• P-class (permutation) — variable names are per-
muted arbitrarily, as are clauses and literals. The
four permutations are 462513, 561342, 531642, and
456312, as reflected in the solution vectors (each vec-
tor has the same number of true variables as the one
it is derived from).

• PC-class formulas — variable names are permuted
and variables are complemented; clauses and literals
are also permuted. The first instance uses permu-
tation 246531 and then complements {2, 4}; the re-
maining instances use 416253 with {2, 4, 5, 6}, 614532
with {1, 3, 5, 6}, and 512346 with {2, 3, 4}, respec-
tively.

Reference formula
and

solution vectors

0: {-1 -2} {-1 -3} {-1 -4} {-1 -5} {-1 -6} {-2 -3} {-2 -4} {-3 -4} {-5 -6} {1 2 3} {4 5 6} {-1 2 -3 4}

0: 001001 001010 010001 010010

I-class formulas
and

solution vectors

1: {-1 -5} {-4 -2} {-1 -3} {-1 -2} {-4 -1} {2 3 1} {-2 -3} {5 4 6} {2 -1 4 -3} {-4 -3} {-5 -6} {-1 -6}
2: {-4 -2} {4 -1 -3 2} {1 2 3} {-3 -2} {-6 -5} {-1 -3} {-1 -2} {-4 -1} {-6 -1} {-3 -4} {6 4 5} {-1 -5}
3: {6 5 4} {-3 -2} {-4 -3} {-1 -5} {-1 -3} {-6 -5} {2 -3 -1 4} {3 1 2} {-1 -4} {-2 -4} {-6 -1} {-1 -2}
4: {-1 -2} {-1 -5} {-3 -4} {5 6 4} {-5 -6} {4 -1 -3 2} {-1 -4} {-2 -4} {-1 -3} {-3 -2} {3 1 2} {-6 -1}

..........

1: 001001 001010 010001 010010
2: 001001 001010 010001 010010
3: 001001 001010 010001 010010
4: 001001 001010 010001 010010

C-class formulas
and

solution vectors

1: {4 -5 6} {1 -4} {-6 1} {-2 -3} {-6 5} {-4 -2} {2 -3 4 1} {-1 3 2} {1 -3} {-3 -4} {5 1} {1 -2}
2: {-2 -1} {-1 -4} {-6 -1} {-2 3} {2 -1 4 3} {-4 3} {-1 5} {-6 5} {-2 -4} {-1 3} {6 -5 4} {1 2 -3}
3: {-4 -3} {-3 1} {1 2} {6 1} {-5 1} {-3 2} {1 -4} {6 -5} {4 -6 5} {2 -4} {1 4 -3 -2} {-1 3 -2}
4: {2 -3} {4 -3} {-6 1} {-3 1} {3 -1 -2} {2 1} {-4 -3 1 -2} {-5 1} {2 4} {-6 -5} {6 5 -4} {1 4}

..........

1: 101011 101000 110011 110000
2: 000011 000000 011011 011000
3: 111000 111011 100000 100011
4: 111101 111110 100101 100110

P-class formulas
and

solution vectors

1: {-4 -2} {-5 -6} {-3 -1} {-5 -4} {-6 -2} {1 3 5} {-4 -1} {6 2 4} {5 -4 -2 6} {-4 -3} {-5 -2} {-4 -6}
2: {-2 -4} {-3 -6} {6 1 5} {2 4 3} {-3 -1} {-5 -4} {-1 -5} {-1 -6} {6 3 -5 -1} {-6 -5} {-5 -2} {-3 -5}
3: {-4 -2} {-6 -1} {-2 -5} {3 -5 6 -1} {-6 -5} {-5 -3} {-3 -1} {6 2 4} {-1 -5} {-6 -3} {-4 -5} {5 1 3}
4: {-4 -2} {-5 -3} {-3 -4} {-4 -5} {3 2 1} {-6 -5} {5 6 4} {-6 -3} {-4 -6} {-4 3 5 -6} {-2 -1} {-4 -1}

..........

1: 011000 110000 001001 100001
2: 110000 100100 010001 000101
3: 110000 100100 011000 001100
4: 010001 100001 010010 100010

PC-class formulas
and

solution vectors

1: {-5 4} {-6 5 2 -4} {2 -3} {-6 2} {2 -5} {4 2} {-6 -5} {-2 6 -4} {-1 2} {-3 -1} {5 3 1} {4 -6}
2: {4 2} {5 4} {1 -4 -6} {4 -3} {2 6} {-5 -2 3} {6 4} {-2 6 4 1} {-3 5} {4 -1} {2 -1} {-1 6}
3: {2 -3 -5} {1 5} {-4 -5 6 -1} {5 -4} {6 1} {4 -6 -1} {-4 1} {6 3} {6 5} {-4 6} {-2 6} {-2 3}
4: {-3 -4 6} {-1 2} {4 -6} {-2 5 1} {-1 3} {-5 3} {3 2} {-5 -6} {-5 -1} {-5 2} {4 -5} {-3 -5 1 2}

..........

1: 110101 011101 110000 011000
2: 011110 000101 111111 110101
3: 001001 010001 101101 110101
4: 001101 001000 111101 100100

Figure 2: Reference formula for function v06 s000004 and formula instances from four equivalence classes.
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(a) performance of 'dp0_nat' on four equivalence classes of formula v06_s0004

(b) performance of 'satire' on four equivalence classes of formula v06_s0004

When we invoke a SAT algorithm
on a 6-variable cnf formula, such
as on instances from classes of
v06 0004 in Figure 2, a time-to-
solve metric will not differentiate
between the various class instances.

As shown here, measuring the
number of implications clearly dif-
ferentiates between the two algo-
rithms even on this small illus-
trative data set. The algorithm
’dp0 nat’ is a vanilla implementa-
tion of the DPLL algorithm [25, 26],
also briefly discussed in this paper.
The algorithm ’satire’ is described
in [23].

Noticeably, even a set of iden-
tical or closely related 6-variable
cnf formulas can induce variabil-
ity in performance: from 2 im-
plications/solution to 11 implica-
tions/solution. In our experiments,
we discovered, on much larger for-
mulas, comparable and much larger
max/min performance ratios, both
in time-to-solve and number-of-
implications.

Figure 3: Performance histograms of two SAT algorithms applied to instances in four equivalence classes.

CNF Equivalence Classes and SAT Algorithms. To
perform experiments with oranges, we require a new crate
of oranges, from the same class, for each treatment. Once
treated, the same crate of oranges cannot be re-used for
freshness experiments. In contrast, different SAT algorithms
can be applied to instances from the same equivalence class
any number of times, with no concern of ’contaminating’ the
data.

In addition to the three SAT algorithms introduced ear-
lier, chaff, satire, and sato, we introduce one more: dp0 nat.
The latter is based on a vanilla DPLL algorithm [25, 26],
implemented in tcl [28] as a recursive procedure per pseudo-
code in [27]. In order to make the implementation as un-
biased as possible, we deliberately implemented a simple
branching rule for its variables: each variable is selected in
the order it is encountered in the clause list, if the variable
is complemented, it is assigned a value of ‘false’, and ‘true’
otherwise. Since variables and clauses are permuted in each
instance, the variable selection by dp0 nat is thus in ran-
dom order. As such, the application of dp0 nat is analogous
to treatment0 (no treatment) in the experiments described
for the equivalence classes of oranges. Here, we have de-
cided that the vanilla DPLL algorithm represents the ‘con-
trol’ against which all other algorithms are to be compared.
Similar

All four algorithms have been applied to all four classes of
the simple cnf formula introduced in Figure 2. The results
are summarized in Figure 3 and Table 1. It is important to
note that, except for the algorithm chaff, responses foretell
the responses we observe for instances of much larger for-
mulas in subsequent experiments with equivalence classes.
Overall, we make the following brief observations:

• For the algorithm chaff, the variance of 0 for P- and
PC-class is uncharacteristic; large variances are ob-

Table 1: Number-of-implications statistics for equiv-
alence classes of formula v06 0004.

equiv. chaff satire sato dp0 nat
class mean/std mean/std mean/std mean/std

I 6.00/0.00 5.97/2.42 3.00/0.00 3.81/1.26
C 6.00/0.00 5.06/2.29 4.84/2.03 3.78/1.66
P 6.00/0.00 6.69/2.73 3.00/0.00 4.06/1.56

PC 6.00/0.00 5.28/2.56 4.66/2.07 3.75/1.24

served for both of these classes in general, compared
to variances for I- and C-class.

• For the algorithm satire, the near-equal variance for
all four classes is characteristic.

• For the algorithm sato, the variance of 0 for I- and
P-class is characteristic; relatively small variances are
observed for both of these classes in general, compared
to much larger variances for C- and PC-class.

• For the algorithm dp0 nat, the near-equal variance for
all four classes is characteristic, and contrary to this
example, it can exceed the variance of other algorithms.

Since some algorithms are clearly designed to suppress the
variability of performance induced by instances from some
of the classes, the only class where all algorithms can be
compared fairly is the PC-class. However, all four classes
are necessary to completely describe the properties of the
algorithm under test. The presence of bias in the algorithm
can decrease its performance potential – both chaff and sato
exhibit erratic behavior on some of the larger formula classes
described later, when compared to either satire or dp0 nat.

On SAT Cost Distribution. Since instances from the
four equivalence classes introduced in this section effectively
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queen_OUT   
  queen06.stat    
  queen07.stat    
  queen08.stat    
  ...  
  - queen06    
      queen06_C_alg1.tab     
      queen06_C_alg2.tab     
      queen06_I_alg1.tab    
      queen06_I_alg2.tab     
      queen06_P_alg1.tab     
      queen06_P_alg2.tab    
      queen06_PC_alg1.tab     
      queen06_PC_alg2.tab  
  + queen07  
  + queen08   
    ...

queen_fam  
  - queen06     
      queen06.cnf     
      - queen06_C       
          i00.cnf       
          i01.cnf
          i02.cnf              
          ...    
      + queen06_I     
      + queen06_P     
      + queen06_PC  
  + queen07  
  + queen08   
    ...

queen_ref  
  queen06.cnf     
  queen07.cnf  
  queen08.cnf   
  ...

cnfFormula
   2Class

Components of an experimental design flow:

  encap(alg)   ... algorithm encapsulator  

  cnfFormula ... equivalence class generator  
  2class             (e.g. instances of ‘queen family’)

  satAudit      ... solution audit and performance   
                          data tabulator

  mkStats      ... statistics combiner of all data   

*alg2
.tab

*alg2
.misc

encap 
(alg2)

satAudit
(alg2)

*.cnf

mkStats

encap 
(alg1)

satAudit
(alg1)

*alg1
.tab

*alg1
.misc

*.stat

*.cnf

A single cross-platform tcl script ‘doeSAT’ creates an experimental design environment to execute all experiments reported
in this paper. The standard components include: (1) equivalence class generator of cnf formulas (cnfFormula2Class), (2) an
encapsulator for each program that invokes the algorithm under test (encap), (3) an audit program to parse and verify the
solution report generated by each algorithm (satAudit), (4) a summary report generator that generates statistics summary of
all experiments (mkStats). Notably, the only component specific to the doeSAT environment is satAudit. For each algorithm
added to the doeSAT environment, we appropriately extend the parsing capability of the satAudit program.

The primary user-defined input is a set of reference cnf formulas such as shown under ‘queen ref’. The class instances such
as i00.cnf, i01.cnf under queen06 C remain archived for universal access on the Web. Similarly archived on the Web are the
experimental result, shown here under queen OUT. Histograms and correlation plots in this paper are based on tabbed data
columns in *.tab, graphs of asymptotic performance are based on statistics summaries in *.stat. Any number of experiments
can be repeated without re-invoking the equivalence class generator.

Figure 5: Experimental design flow and data structures used to evaluate the performance of SAT algorithms.

represent the same formula, the ideal algorithm should re-
turn a solution with the same or nearly the same cost, re-
gardless of which instance has been chosen, i.e. the cost
distribution should be normal with zero or near-zero vari-
ance. An exceedingly large variance is an indicator that the
algorithm is behaving erratically on few or several instances
from the class – and not that the choice of the instance is
inappropriate!

4. EXPERIMENTAL DESIGN AND SAT
The experimental design methodology presumes availability
of well-defined classes of experimental subjects. Four such
classes have been defined in the preceding section. As noted
in Figure 1, to depict asymptotic behavior of an algorithm
for a family of formulas, we may need to consider some five
or more appropriate reference formulas and create up to four
equivalence classes for each formula. For statistical signif-
icance, we may consider at least 32 instance in each class.
Thus, the number of experiments to statistically analyze the
asymptotic behavior of a family based on 5 reference formu-
las across 4 classes requires a total of 5× 4× (32 + 1) = 660
experiments per algorithm.2 For routine testing, we may

2The number of experiments per class of 32 is actually 33
since, for each class, the experiment always includes the ref-
erence formula itself (in its original form).

perform experiments with PC-class only, reducing the num-
ber of experiments to more manageable 135 per algorithm.

To manage large volumes of data and automated genera-
tion of uniform reports from any SAT algorithm under test,
we created a cross-platform test bed, ‘doeSAT’. Its major
components and the flow of execution are introduced in Fig-
ure 5. The standard components include:

cnfFormula2Class: equivalence class generator of cnf for-
mulas. Currently, up to four classes described in the
previous section are generated. The primary user-
defined input is a set of reference cnf formulas such
as shown under queen ref. It should not come as a
surprise that the directory structure of classes gener-
ated under ‘queen fam’ resembles the one introduced
for the hypothetical classification of oranges in Figure
4. Once a family of classes is generated, a compressed
directory is maintained on the Web.

encap: an encapsulator for each program that invokes the
algorithm under test. This is a standardized script
that can be readily customized for the I/O of the al-
gorithm invoked within the doeSAT environment.

satAudit: an audit program to parse and verify the so-
lution report generated by each algorithm. This is
the only component specific to the doeSAT environ-
ment. For each algorithm added to the doeSAT en-
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vironment, we appropriately extend the parsing ca-
pability of the satAudit program. After parsing the
algorithm-specific output report, including the solu-
tion (if found), the solution is verified and a report
generated in a standardized format that can be read by
a plotting program or processed further by a statistics
generator program mkStats, described below. While
each SAT solver outputs a report in a solver-specific
format, the major feature of the satAudit program is to
generate a report for each algorithm that contains pa-
rameters reported by all other algorithms. Currently,
we report in a common tabular format, for each in-
stance and each algorithm the following common pa-
rameters: solution status, solution (if generated), time
to solve, number of implications, number of decisions,
max decision level (chaff), number of backtracks (oth-
ers). Our experimental reports demonstrate that time
to solve and number of implications correlate closely
and consistently.

mkStats: a report generator that generates a statistics sum-
mary of all experiments. This is a standard program
that reads the standardized data generated by various
instances of satAudit program and generates a statis-
tics summary in of all experiments, for all equivalence
classes and for all algorithms under test. Statistics are
based on the number of instances in each equivalence
class and are reported for all common parameters de-
scribed above: median value, mean value, standard
deviation, minimum value, maximum value, 95% con-
fidence interval of the mean (based on the t-statistics
[29]), and the standard coefficient of variation. This
list can be extended in the future.

The report also includes the initial value as a statistics
that refers to the parameters evaluated for the refer-
ence formula. Ideally, the initial value will always be
bounded by the minimum and maximum statistics re-
ported for the class. However, as shown in tabulated
summaries of experiments later, a SAT algorithm un-
der test can induce a min/max range that does not
contain the initial value. Since the reference formula
and all instances are in the same equivalence class,
we extend the min/max range by including the initial
value in the range. Occasionally, an erratic behavior
of the algorithm may induce a distribution that is far
from normal, exhibits a large variance, and renders
the confidence interval of the mean invalid. It should
be clear that such distributions are a reflection on the
algorithm under test, not on the instances in the equiv-
alence class!

The above components form a system that supports the ex-
perimental design methodology. The key goals of that sys-
tem are

• to facilitate the use of the experimental design method-
ology by us and other researchers,

• to allow easy replication of our current and future ex-
perimental results,

• to encourage other researchers to participate by con-
tributing reference formulas and algorithms, and

• to automate the experiments in a way that minimizes
the potential for human error.

5. REPORTS OF EXPERIMENTS
Our series of SAT experiments started by replicating a num-
ber of experiments on well-known subsets of benchmark for-
mulas, using three readily available programs. Results of
these experiments are discussed in Section 2 and summa-
rized in Figure 1. These experiments also identify reference
formulas of structurally-related instances of increasing size
that can be grouped into families so we can study the asymp-
totic performance of SAT algorithms. Ideally, reference for-
mulas in each family should be either all unsatisfiable or
all satisfiable, the basic structure of clauses should be the
same, and size increase from one formula to the next should
be (roughly) the same multiplicative constant. Whenever
possible, at least five of such reference formulas should de-
fine a family.

As part of this paper, we also created two families (un-
satisfiable and satisfiable) of well-structured formulas, both
suitable to study the asymptotic performance of SAT algo-
rithms. Overall, the families of reference formulas we use in
the creation of the equivalence classes in this paper include:

• hole (6 unsatisfiable formulas from DIMACS)

• queen (5 satisfiable formulas from sato distribution)

• hanoi (4 satisfiable formulas from DIMACS)

• bw large u (4 unsatisfiable formulas from SATPLAN)

• bw large s (4 satisfiable formulas from SATPLAN)

• sched u (5 unsatisfiable formulas, this paper)

• sched s (5 satisfiable formulas, this paper)

Having created and analyzed instances of I-, C-, P-, and
PC-equivalence classes from hole and queen families, we
recognized that in order to compare all algorithms on an
equal basis, it is sufficient to create only P- and PC-classes,
hence for the remainder of families, only these two classes
have been created and analyzed.

We now proceed to brief description of key parameters
that define reference formulas in each family, and present
the experimental results. Without exception, there are al-
ways 32 instances in each equivalence class that we ana-
lyze. Asymptotic trends in this paper are reported with re-
spect to average performance within the PC-classes of the
instances of a family, and where we need to bring out an
important point, also P-classes. All families we investigated
illustrate key differences among algorithms and trends for
further study.

The hole family. The hole family consists of formulas
that represent the pigeon hole principle. All formulas are
unsatisfiable and the instances derived from the formula for
hole14 time out at 1800 seconds for all algorithms. As noted
here, an instance need not represent thousands of variables.
Instances with only 210 variable provide a non-trivial chal-
lenge.

instance vars clauses

hole6 42 133
hole7 56 204
hole8 72 297
hole9 90 415
hole10 110 561
hole14 210 1485

The unsatisfiable refer-
ence formulas in the hole
family originated with
the DIMACS distribution
[8].

The formula for hole10 has 110 variables and is the largest
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The formula for hole10 has 110 variables and is the largest reference formula from the ‘hole family’ where algorithms chaff and
sato, applied to instances of classes ‘P’ and ‘PC’, do not time out at 1800 seconds. The algorithm satire starts timing out at
1800 seconds already for the ’hole’ class instances with 72 variables. Observing the histograms below, it is clear that the only
class where algorithms chaff and sato should be compared is the ‘PC’-class. No t-test is required to confirm that, for hole10, the
algorithm sato has the better average case performance, in term of time-to-search or number-of-implications. Such conclusions
cannot be derived on basis of results in Figure 1 alone.
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variability in the performance of the chaff algorithm. A fair
comparison with the sato algorithm can only be made on
basis of experiments with the PC class.
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Figure 6: Performance histograms of two SAT algorithms applied to instances in four equivalence classes of
’hole10’ from the ’hole’ family.
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33 instances from the class directory hole10_PC
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Histograms in Figure 6 suggest a
correlation between time-to-solve and
number-of-implications metrics. This
is indeed the case, not only for the ex-
ample of the hole10 PC-class as shown
here, but universally for any class.
Moreover, correlation coefficients for
the time-to-solve and the number-of-
implications metrics are even better for
algorithms dp0 and satire than the ones
shown for chaff – above 99% or ap-
proaching 99%. Correlations for algo-
rithm sato are split between two re-
gions; a phenomenon that may be at-
tributed to its trie data structure.

Note also: (1) the min/max ranges
in time-to-solve (48.8/736.9 seconds for
chaff vs 98.6/207.9 seconds for sato)
mirrored by number-of-implications
(458,227/2,253,460 for chaff vs
34,571,370/59,355,590 for sato);
(2) about 4000 implications/second
and 20 implications/decision for chaff,
and a range of 200,000 – 350,000
implications/second and 9–13 implica-
tions/decision for sato.

The asymptotic performance of chaff,
satire, and sato is shown for the average
time-to-solve and the average number-
of-implications. Significantly, the av-
erage number-of-implications statistics
brings out more clearly the signifi-
cant difference between the three al-
gorithms, sato and chaff in particu-
lar (satire times out for cases where
number of variables is equal to or ex-
ceeds 72). With the average number-of-
implications for sato rising faster than
for chaff, we can anticipate a cross-over
in time-to-solve performance of the two
algorithms (for the hole family class) –
if we raise the time-out limit above 1800
seconds.

Figure 7: Performance correlations of two SAT algorithms applied to instances from the hole10 PC class and
the asymptotic performance statistics for ’hole’ family of PC equivalence classes.

reference formula from the ‘hole family’ where algorithms
chaff and sato, applied to instances of classes ‘P’ and ‘PC’,
do not time out at 1800 seconds. The algorithm satire starts
timing out at 1800 seconds already for the ’hole’ class in-
stances with 72 variables. Observing the histograms in Fig-
ure 6, it is clear that the only class where chaff and sato
can be compared is the ‘PC’-class. No t-test is required to
confirm that, for hole10, the algorithm sato has the bet-
ter average case performance, in term of time-to-search or
number-of-implications. Such conclusions cannot be derived
on basis of results in Figure 1 alone.

Moreover, the histograms in Figure 6 suggest a correla-
tion between time-to-solve and number-of-implications met-
rics. This is indeed the case, not only for the example of
the hole10 PC-class as shown in Figure 7, but universally
for any class. With very few exceptions, noted in the fig-
ure, correlation coefficients approaching 99% are the norm.
Figure 7 also shows the asymptotic performance of chaff,
satire, and sato for the average time-to-solve and the aver-

age number-of-implications, with important observation in
listed in the text box.

For a complete statistical summary about this family, see
also Table 2.

The queen family. The queen family consists of formulas
that represent the classical queen problem. All formulas are
satisfiable.

instance vars clauses

queen9 81 1065
queen10 100 1480
queen14 196 4200
queen16 256 6336
queen19 361 10735

The satisfiable reference
formulas in the queen
family originated with
the sato distribution [24].

In Figure 8 we show the asymptotic performance of this fam-
ily not only for chaff, satire, and sato but also for dp0 nat.
With few, but significant exceptions, the asymptotic per-
formance of these algorithms follows trends that are similar
to ones described for the hole family in Figure 7. The sig-
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nificant exceptions are all listed in the text box, the most
startling one being the extreme sensitivity of sato to variable
complementation – a fact observed already on the 6-variable
example in Figure 3.

For a complete statistical summary about this family, see
also Table 3.

The hanoi family. The hanoi family consists of formulas
that represent the classical tower of Hanoi problem. All
formulas are satisfiable.

instance vars clauses

hanoi3 249 1512
hanoi4 718 4934
hanoi5 1931 14468
hanoi6 4968 39666

The satisfiable reference
formulas in the hanoi
family originated with
the DIMACS distribution
[8].

The really challenging formulas are those of hanoi5 and
hanoi6. We were surprised to find that satire, one of the
slower programs overall, found a solution to hanoi5 in some
100 seconds while both chaff and sato timed out at 1800 sec-
onds. However, running all three algorithms on instances of
P- and a P-class, not a single solution was found by any of
the three algorithms.

The bw large families. The unsatisfiable and the satis-
fiable families of bw large are a subset of the SATPLAN
benchmarks, a collection of satisfiability problems based on
AI planning scenarios developed in [9]. The most difficult
of these come from the well-known blocks-world domain in
AI (see, e.g. [30]). We used two families of blocks-world in-
stances in our experiments, one satisfiable, one unsatisfiable.
Only three instances of each family were within reasonable
size range. Sizes of these are shown in the table below.

instance vars clauses

bw_large_a_u 340 3,294
bw_large_b_u 920 11,491
bw_large_c_u 2729 45,368
bw_large_d_u 5886 122,412
bw_large_a_s 459 4,675
bw_large_b_s 1087 13,772
bw_large_c_s 3016 50,457
bw_large_d_s 6325 131,973

The reference formu-
las in the bw large
family originated
with the SATPLAN
benchmark set [9].

The satisfiable blocks-world instances illustrate the sensi-
tivity of sato to complementation more starkly than any
other family we tested. See Table 4. For the P class of the
largest instance chaff does only slightly better than sato.
But sato completely loses control over the number of impli-
cations (and execution time) on the PC class. The reference
formula, whose data point is well within the confidence in-
terval of the P class, is two orders of magnitude better than
a typical PC class instance. For the unsatisfiable instances,
even the P class appears to confound sato – again, it does
atypically well on the reference formula.

The sched families. The unsatisfiable and the satisfiable
families of sched have been created as part of the exper-
iments reported in this paper. These formulas are based
on unit-length-task scheduling instances. Scheduling prob-
lems with unit-length tasks have numerous applications in
computer science, management, and industrial engineering
(see [31] and [32] for a survey). Many variations involv-
ing release times, deadlines, resource constraints, and prece-
dence constraints are NP-complete (see, e.g. [31] and [33]).
It is relatively simple to formulate the existence of a feasible
schedule under these kinds of constraints as a cnf formula

— each variable represents assignment of a task to a spe-
cific slot, two-literal clauses rule out conflicting assignments,
long positive clauses guarantee that each task is assigned,
and Horn clauses are used to express precedence constraints.
Unit-task scheduling therefore offers a rich domain of future
satisfiability benchmarks. We created two families, one sat-
isfiable and one not, of scheduling instances with deadlines
and precedence constraints. The precedence graphs were the
same for both families, hierarchical structures based on N-
graphs, forbidden subgraphs of vertex-series-parallel dags —
see, e.g. [34] for further discussion. Deadlines were designed
so that the satisfiable instances had only a small number
of feasible solutions based on scheduling along specific crit-
ical paths first. The unsatisfiable instances differed only in
the deadlines of two tasks, making them “barely infeasible”.
Sizes of the scheduling instances are shown below.

instance vars clauses

sched03u 93 493
sched04u 138 890
sched05u 410 4,336
sched06u 826 12,022
sched07u 1,384 25,669
sched03s 95 495
sched04s 140 892
sched05s 412 4,338
sched06s 828 12,024
sched07s 1,386 25,671

In contrast to the blocks-world and hole instances, the schedul-
ing instances are a major success story for sato. See Table 5.
On the P classes of satisfiable instances, sato’s heuristics for
selecting variables were foolproof — the same solution was
always identified in the same small number of steps. Other
classes also show little variance – so neither complementa-
tion nor the lack of a solution have much effect. The chaff
heuristic, on the other hand, not only performs orders of
magnitude worse than sato. It also exhibits two orders of
magnitude difference in its best and worst performance on
the larger instances. Clearly, an algorithm that performs
relatively well in one domain may do quite poorly in an-
other.

6. CONCLUSIONS
As already noted, our experiments have revealed significant
differences in relative algorithm performance for different
instance families, different instance classes within the same
family, and even for different instances within the same class.
These differences, dramatic enough to raise questions about
much of the previous experimental work on the satisfiability
problem, could not have been detected in any traditional
single-instance benchmark-driven environment.

What conclusions can we draw and how shall we proceed?

• For the algorithm engineer the bad news is that there
is no simple answer to the question, “what is the best
overall algorithm/strategy for solving the satisfiability
problem?”

• There is good news, however — our results and our
experimental setup provide a clear path to the design
and testing of future enhancements. Specifically, the
weaknesses we have demonstrated in each of the lead-
ing algorithms are likely to be ones that their designers
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(a) queen family, instances from class P
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(b) queen family, instances from class PC
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With few exceptions as noted below, the asymptotic performance of dp0 nat, chaff, satire, and sato for the ‘queen family’ follows
trends that are similar to ones described for the ‘hole family’ in Figure 7. Significant observations for this series of experiments
include:

• asymptotic performance in number-of-implications of dp0 nat (coded in interpreted language tcl [28]) is better than that
of chaff (a well-designed C-implementation of dp0 nat could therefore yield a performance faster than chaff on problems
in ‘queen family’).

• the variability in min/max performance is significantly larger than already large variability found for the non-satisfiable
problems in ‘hole family’. The same observation applies to minUB/minLB, the 95% confidence level interval of the
respective mean values.

• sato is extremely sensitive to variable complementation – the mean number of implications changes from 373.3 in the
P-class to 5649.4 in the PC class in the 361-variable queen problem.

Figure 8: Asymptotic performance statistics for several SAT algorithms on ’queen’ family equivalence classes.

11



can identify and fix. And we have provided an envi-
ronment in which to validate such improvements.

• Our focus in this paper is on experimental methodol-
ogy and what it reveals about externally measurable
behavior of algorithms. An important next step is the
analysis of the mechanisms in these algorithms. All
are based on the DPLL algorithm and differ only in
three main aspects: their heuristics for

1. choosing branching variables,
2. choosing which branch to explore first, and
3. backtracking after failure of the current branch.

Evaluating the importance of each of these heuristics
in isolation would yield major insights for the next
generation of satisfiability algorithms and we are now
in a position to do so.

• Finally, there is much work to be done

– developing new families of instances,

– exploring new modalities for creating equivalence
classes, and

– improving the usability of our experimental de-
sign scaffolding.

We hope to use our insights to develop better satisfiability
algorithms, to improve overall understanding of what makes
the problem ‘hard’, and to identify new ‘easy’ subclasses of
cnf formulas and efficient algorithms to solve them.

Note. Some of the experiments, introduced in this report,
are still in progress, notably on a complementary version of
sato and additional formula classes. An updated version of
this report will be published before the end of December
2001. For a preview of web-based organization of data sets
and the software environment used in these experiments, see
http://www.cbl.ncsu.edu/OpenExperiments/SAT.
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Table 2: Comparison between chaff and sato on hole instances.

P class data (32 unsatisfiable instances)

class chaff execution time sato execution time
min mean LB mean UB max min mean LB mean UB max

hole06 1.0e-02∗ 9.8e-02 1.1e-01 1.4e-01 3.0e-02 3.1e-02 3.5e-02 4.0e-02
hole07 4.3e-01∗ 1.2e+00 1.5e+00 2.6e+00 1.5e-01 1.6e-01 1.6e-01 1.6e-01
hole08 1.3e+00∗ 1.4e+01 1.7e+01 2.3e+01 5.8e+00 6.2e+00 6.3e+00 7.0e+00†

hole09 7.5e+00∗ 1.7e+02 2.1e+02 3.5e+02 9.1e+00∗ 9.8e+00 1.0e+01 1.0e+01
hole10 4.8e+01∗ 4.5e+02 5.1e+02 7.0e+02 9.9e+01∗ 1.1e+02 1.1e+02 1.1e+02

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

hole06 2331∗ 9993 10580 11850 4815 5277 5472 5920†

hole07 28,708∗ 52,250 59,590 82,020 54,424 58,690 60,080 67,164†

hole08 59,504∗ 239,500 269,000 319,345 453,655 473,800 482,800 536,738†

hole09 160,729∗ 1,011,000 1,136,000 1,633,656 3,323,446∗ 3,813,000 3,975,000 4,346,236
hole10 458,227∗ 1,905,000 2,036,000 2,321,743 34,571,367∗ 40,350,000 41,630,000 45,496,910

PC class data (32 unsatisfiable instances)

class chaff execution time sato execution time
min mean LB mean UB max min mean LB mean UB max

hole06 1.0e-02∗ 9.9e-02 1.1e-01 1.4e-01 3.0e-02 4.2e-02 4.8e-02 6.0e-02
hole07 4.3e-01∗ 1.2e+00 1.5e+00 2.0e+00 2.2e-01 2.8e-01 3.0e-01 3.4e-01
hole08 1.3e+00∗ 1.5e+01 1.8e+01 2.6e+01 1.5e+00 1.8e+00 2.0e+00 7.0e+00†

hole09 7.5e+00∗ 1.6e+02 1.9e+02 2.7e+02 9.1e+00∗ 1.7e+01 1.8e+01 2.2e+01
hole10 4.8e+01∗ 4.2e+02 4.8e+02 7.4e+02 9.9e+01∗ 1.8e+02 1.9e+02 2.1e+02

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

hole06 2331∗ 9974 10760 12576 3663 5757 6542 7928
hole07 28,708∗ 52,440 58,900 70,605 40,547 47,970 52,880 67,164†

hole08 59,504∗ 247,500 275,100 344,997 323,497 416,400 476,200 576,465
hole09 160,729∗ 986,200 1,095,000 1,388,678 3,312,732 4,333,000 4,919,000 5,614,894
hole10 458,227∗ 1,835,000 1,961,000 2,253,460 34,157,700 46,750,000 52,860,000 59,355,590

∗Minimum was achieved by the reference formula rather than by a randomly selected class member.
†Maximum was achieved by the reference formula rather than by a randomly selected class member.
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Table 3: Comparison between chaff and sato on queen instances.

P class data (32 satisfiable instances)

class chaff execution time sato execution time
min mean LB mean UB max min mean LB mean UB max

queen09 0.0e+00 3.5e-03 7.2e-03 1.0e-02 0.0e+00 2.4e-05 2.5e-03 1.0e-02
queen10 0.0e+00 1.6e-02 2.2e-02 4.0e-02 0.0e+00 4.3e-04 3.3e-03 1.0e-02
queen14 1.8e-01 3.6e-01 5.7e-01 1.4e+00† 0.0e+00 6.7e-03 9.6e-03 1.0e-02
queen16 4.5e-01 9.6e-01 1.3e+00 5.2e+00† 1.0e-02 1.2e-02 1.5e-02 2.0e-02
queen19 3.1e+01 7.9e+01 1.1e+02 1.8e+02 1.0e-02 2.4e-02 2.8e-02 3.0e-02

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

queen09 562 968 1223 1995 56∗ 79 111 201
queen10 1363 2752 3583 6323 70 109 169 368
queen14 19,046 32,070 43,360 87,291† 139 178 271 777
queen16 34,745 59,910 74,210 187,414† 180 234 357 919
queen19 513,386 931,700 1,186,000 1,761,087 254 317 428 836

PC class data (32 satisfiable instances)

class chaff execution time sato execution time
min mean LB mean UB max min mean LB mean UB max

queen09 0.0e+00 3.9e-03 8.0e-03 2.0e-02 0.0e+00 4.3e-04 3.3e-03 1.0e-02
queen10 1.0e-02 1.6e-02 2.5e-02 5.0e-02 0.0e+00 1.7e-03 5.2e-03 1.0e-02
queen14 1.8e-01 3.8e-01 6.1e-01 1.8e+00 0.0e+00 1.2e-02 2.8e-02 8.0e-02
queen16 5.2e-01 9.3e-01 1.3e+00 5.2e+00† 1.0e-02 3.2e-02 9.8e-02 2.9e-01
queen19 3.8e+01 9.4e+01 1.3e+02 1.9e+02 2.0e-02 1.8e-02 2.0e-01 1.4e+00

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

queen09 640 1104 1386 2271 56∗ 109 153 324
queen10 1353 2797 3813 6542 72∗ 190 267 571
queen14 20,604 33,750 45,000 91,742 142∗ 758 2182 6910
queen16 42,332 59,880 73,200 187,414† 180∗ 1,847 7,522 24,065
queen19 620,688 1,034,000 1,271,000 1,776,732 260∗ —‡ —‡ 98,911

∗Minimum was achieved by the reference formula rather than by a randomly selected class member.
†Maximum was achieved by the reference formula rather than by a randomly selected class member.
‡Variance was too large for meaningful confidence-interval calculation.
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Table 4: Comparison between chaff and sato on blocks-world instances.

P class data (32 satisfiable instances)

class chaff execution time sato execution time
P min mean LB mean UB max min mean LB mean UB max

bw_large_a_s 0.0e+00 7.0e-03 1.1e-02 2.0e-02 1.0e-02 1.2e-02 1.6e-02 2.0e-02
bw_large_b_s 4.0e-02 7.3e-02 9.2e-02 1.4e-01 5.6e-01 8.5e-01 1.2e+00 2.0e+00
bw_large_c_s 1.7e-01 3.3e+00 4.8e+00 1.0e+01 8.0e+00 2.4e+01 4.5e+01 9.0e+01

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

bw_large_a_s 1026 1996 2624 4032 447 470 509 579
bw_large_b_s 9,835 18,070 23,140 36,536 31,648 50,740 71,650 117,582
bw_large_c_s 29,820 656,600 922,400 1,798,201 241,045 695,000 1,284,000 2,507,629

PC class data (32 satisfiable instances)

class chaff execution time sato execution time
min mean LB mean UB max min mean LB mean UB max

bw_large_a_s 0.0e+00 7.8e-03 1.1e-02 2.0e-02 1.5e-02 2.3e-02 2.8e-02 4.0e-02
bw_large_b_s 3.0e-02 7.1e-02 9.5e-02 1.6e-01 9.0e-02 7.3e-01 1.2e+00 2.8e+00
bw_large_c_s 3.9e-01 3.4e+00 5.0e+00 8.7e+00 9.0e+00∗ 1.5e+03 1.9e+03 2.7e+03

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

bw_large_a_s 1103 1961 2499 3898 447∗ 1717 2212 3677
bw_large_b_s 5,420 17,840 24,330 41,050 2,528 36,080 65,150 146,742
bw_large_c_s 73,663 618,500 895,200 1,613,697 745,247∗ 37,670,000 47,900,000 69,891,960

P class data (32 unsatisfiable instances)

class chaff execution time sato execution time
min mean LB mean UB max min mean LB mean UB max

bw_large_a_u 0.0e+00 1.7e-03 5.2e-03 1.0e-02 1.0e-02 1.0e-02 1.0e-02 1.0e-02
bw_large_b_u 3.0e-02 4.7e-02 5.9e-02 9.0e-02 3.6e-01 4.5e-01 5.2e-01 7.5e-01
bw_large_c_u 1.7e+00 2.7e+00 3.2e+00 4.8e+00 6.3e+00∗ 6.2e+02 7.0e+02 9.3e+02

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

bw_large_a_u 686 971 1205 1937 736 914 1003 1168
bw_large_b_u 6,835 10,950 13,630 22,479 17,429 22,370 26,220 38,263
bw_large_c_u 299,245 470,900 564,300 827,043 526,369∗ 15,640,000 17,980,000 23,825,580

PC class data (32 unsatisfiable instances)

class chaff execution time sato execution time
min mean LB mean UB max min mean LB mean UB max

bw_large_a_u 0.0e+00 0.0e+00 0.0e+00 0.0e+00 0.0e+00 1.1e-02 1.5e-02 2.0e-02
bw_large_b_u 3.0e-02 4.7e-02 5.5e-02 7.0e-02 3.4e-01 4.9e-01 6.0e-01 8.3e-01
bw_large_c_u 1.6e+00 2.6e+00 3.2e+00 5.3e+00 6.3e+00∗ 5.8e+02 6.4e+02 8.7e+02

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

bw_large_a_u 727 900 1074 1604 541 890 1002 1190
bw_large_b_u 6,505 10,960 12,770 17,005 16,775 23,600 28,590 38,370
bw_large_c_u 325,518 487,000 585,000 891,037 526,369∗ 15,030,000 16,600,000 20,967,660

∗Minimum was achieved by the reference formula rather than by a randomly selected class member.
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Table 5: Comparison between chaff and sato on scheduling instances.

P class data (32 satisfiable instances)
class chaff execution time sato execution time

min mean LB mean UB max min mean LB mean UB max

sched03s 0.0e+00 3.8e-03 7.5e-03 1.0e-02 0.0e+00 0.0e+00 2.0e-03 1.0e-02
sched04s 1.0e-02 2.0e-02 2.6e-02 4.0e-02 0.0e+00 4.3e-04 3.3e-03 1.0e-02
sched05s 1.0e-01 1.5e+00 9.7e+00 5.7e+01 0.0e+00 8.6e-03 1.1e-02 2.0e-02
sched06s 1.2e+00 9.5e+00 2.1e+01 5.9e+01 3.0e-02 4.1e-02 4.4e-02 5.0e-02
sched07s 7.4e-01 1.1e+01 2.0e+01 5.9e+01 1.0e-01 1.2e-01 1.3e-01 1.3e-01

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

sched03s 1206∗ 1568 1846 2706 90 90 90 90
sched04s 4194 6636 8018 12321 135 135 135 135
sched05s 23,177 208,800 439,000 1,454,082 405 405 405 405
sched06s 221,343 611,300 959,200 2,098,808 819 819 819 819
sched07s 154,277 887,700 1,268,000 2,627,722 1377 1377 1377 1377

PC class data (32 satisfiable instances)
class chaff execution time sato execution time

min mean LB mean UB max min mean LB mean UB max

sched03s 0.0e+00 2.2e-03 5.9e-03 1.0e-02 0.0e+00 0.0e+00 2.0e-03 1.0e-02
sched04s 1.0e-02 2.2e-02 2.7e-02 4.0e-02 0.0e+00 2.4e-05 2.5e-03 1.0e-02
sched05s 8.0e-02 1.9e+00 9.3e+00 4.0e+01 0.0e+00 5.2e-03 8.6e-03 1.0e-02
sched06s 2.8e-01 9.5e+00 2.3e+01 6.9e+01 2.0e-02 2.4e-02 2.9e-02 4.0e-02
sched07s 3.5e+00 9.6e+00 2.1e+01 6.9e+01 6.0e-02 6.8e-02 7.8e-02 1.1e-01

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

sched03s 1206∗ 1490 1714 2468 90 91 92 93
sched04s 4408 6657 7950 10808 135 137 137 138
sched05s 24,429 220,900 447,000 1,299,721 405 408 409 410
sched06s 91,729 591,000 933,900 1,831,905 819∗ 824 825 826
sched07s 410,889 819,300 1,144,000 2,178,409 1377∗ 1382 1384 1384

P class data (32 unsatisfiable instances)
class chaff execution time sato execution time

min mean LB mean UB max min mean LB mean UB max

sched03u 0.0e+00 2.2e-03 5.9e-03 1.0e-02 0.0e+00 0.0e+00 1.5e-03 1.0e-02
sched04u 1.0e-02 1.9e-02 2.6e-02 4.0e-02 0.0e+00 2.0e-03 5.5e-03 1.0e-02
sched05u 1.1e-01 2.4e+00 5.8e+00 2.0e+01 1.0e-02 2.0e-02 2.4e-02 3.0e-02
sched06u 1.6e+00 1.2e+01 2.4e+01 6.2e+01 9.0e-02 9.9e-02 1.0e-01 1.1e-01
sched07u 9.6e-01 1.1e+01 2.2e+01 5.8e+01 2.6e-01 2.9e-01 2.9e-01 3.2e-01

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

sched03u 1117∗ 1618 1977 3037 327 349 354 362
sched04u 3946 6244 7726 10921 529 548 554 564
sched05u 33,399 247,600 408,400 849,282 2350 2378 2390 2409
sched06u 297,822 704,400 1,051,000 1,827,430 6201 6231 6245 6277
sched07u 206,388 812,900 1,263,000 3,013,723 10,819 10,900 10,910 10,935

PC class data (32 unsatisfiable instances)
class chaff execution time sato execution time

min mean LB mean UB max min mean LB mean UB max

sched03u 0.0e+00 2.0e-03 5.5e-03 1.0e-02 0.0e+00 4.3e-04 3.3e-03 1.0e-02
sched04u 1.0e-02 2.2e-02 2.8e-02 4.0e-02 0.0e+00 8.9e-04 4.1e-03 1.0e-02
sched05u 1.3e-01 1.2e+00 8.8e+00 5.3e+01 2.0e-02 2.1e-02 2.4e-02 3.0e-02
sched06u 9.7e-01 1.0e+01 2.1e+01 6.1e+01 1.0e-01 1.0e-01 1.0e-01 1.1e-01
sched07u 5.8e-01 1.1e+01 2.1e+01 4.8e+01 2.8e-01 2.9e-01 2.9e-01 3.0e-01

class chaff implications sato implications
min mean LB mean UB max min mean LB mean UB max

sched03u 1117∗ 1512 1789 2490 341 350 355 364
sched04u 4316 6811 8404 13709 539 552 558 573
sched05u 37,182 195,100 427,400 1,485,493 2349 2375 2389 2413
sched06u 244,819 649,800 918,200 1,574,753 6176 6232 6248 6276
sched07u 140,533 863,500 1,262,000 2,471,675 10,846 10,900 10,920 10,965

∗Minimum was achieved by the reference formula rather than by a randomly selected class member.
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