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Abstract — Reduced, Ordered Binary Decision Diagrams
(here, simply BDDs) have been adopted as an important
data structure for a number of applications, ranging from
logic design verification to logic minimization and technol-
ogy mapping. However, for a number of functions that arise
in practical applications, the size of the BDD data structure
depends critically on the choice of the variable order: a poor
order may lead to a data structure whose size grows ezpo-
nentially with the number of variables. Finding an order
that minimizes the size of BDDs is NP-hard; the develop-
ment of heuristics for computing better variable orders is an
ongoing area of research. In this paper, a Design of Ezperi-
ments methodology is applied to the study of the behavior of
software packages which construct and manipulate BDDs.
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1 INTRODUCTION

Several suites of BDD manipulation subroutines have been
widely distributed; among the most popular of these are
the three BDD packages [1, 2, 3] in the VIS [4] formal veri-
fication system from the University of California at Berke-
ley. In this paper, we present new results on the use of
Design of Experiments (DoE) in studying the variable or-
dering heuristics employed in these BDD packages and in
VIS itself. This paper focuses on a systematic evaluation
of the quality of the variable ordering algorithms in VIS,
and on drawing statistically significant conclusions about
differences in performance between a new VIS release and
previously published results from an earlier release. The in-
troductory paper of this session [5] reviews the central ideas
of DoE, as they apply to the evaluation and comparison of
CAD algorithms.

In earlier papers [6, 7], we presented results which demon-
strated that (1) the order and labeling of the source netlist
has a dramatic impact on variable ordering algorithms, (2)
the static ordering heuristic in VIS was inoperative for com-
binatatorial circuits, (3) repeated application of dynamic
variable reordering, even for small, regular circuits with
well-known optimal orderings, often cannot find the opti-
mal ordering, and (4) there are statistically significant dif-
ferences in performance among the three BDD packages,
even on small test cases. Recently, the VIS group released
VIS 1.3. We have repeated a number of our earlier tests on
this release, and now present results comparing the relative
performance of the new release with the earlier VIS 1.1.
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2 EXPERIMENTS

‘We demonstrated earlier that BDD variable ordering heuris-
tics can be sensitive to the order and labeling of the circuit
netlist [6, 7]. In the experiments that follow, we use netlist
isomorphism classes of combinatorial circuits to study the
variability of performance of the ordering heuristics in VIS.
The process of random re-ordering and re-labeling of circuit
graphs to form isomorphism classes is described in [5].

The discussion of our experiments is organized as fol-
lows. First, we review the terminology and procedures used.
We then discuss briefly the results of four particular ex-
periments: (2) we examine the sensitivity of static order-
ing heuristics to variable labeling; (3) we examine whether
dynamic reordering can find a known optimal ordering for
some simple circuits. The final two experiments study the
asymptotic performance of the ordering heuristics, (4) using
scalable circuits and (5) using subfunctions of a well-known
benchmark circuit. In all cases, we contrast the performance
of VIS 1.3 with our previously published results for VIS 1.1.

1. Experimental Procedure. In [7] we defined a series
of erperimental treatments for the systematic evaluation of
BDD variable ordering heuristics. Figure 1 summarizes the
treatments that will be discussed in this paper. Each treat-
ment of a combinatorial circuit consists of an initial (static)
variable ordering, construction of a BDD for the function
(possibly with dynamic reordering enabled), and zero or
more dynamic reordering steps following BDD construction.

Treat- Initial Dynamic
ment | Ordering | Ordering
0 Natural | None
1 VIS None
2 VIS Sift during construction
3 VIS Sift during construction
Sift once after construction
4 VIS Sift during construction
Sift twice after construction
5 VIS Sift during construction
Sift-converge after construction
6 Natural | Sift during construction
7 Natural | Sift during construction
Sift once after construction
8 Natural | Sift during construction
Sift twice after construction
9 Natural | Sift during construction
Sift-converge after construction

Fig. 1. Experimental treatment definitions.



(a) Under VIS 1.1 with CU BDD Package.

150 150 150 150
1 - Class ALU4r-in-WD 2 - Class ALU4r-in-WD 3 - Class ALU4r-rn-WD 4 - Class ALU4r-rn-WD
125 rl N 125 125 125
763 1206
100 nodes | | nodes 100 100 100
7E 7K 7E 7!:
/ | Treatment 1 Treatment 0 Treatment 1 Treatment O
50 Treatment 51 | Treatment 2| ., Treatment9  Treatment 6 50 Treatment5  Treatment 2 50 Treatment9  Treatment 6
M /' % 1
25 25 N 25 g - H 25 Z
0 T & T T T 0 T '_‘\[;IH — H\m T 0 T Al \F] 291 ‘[’lﬂ T 0 T '_'\[71 - H\H T
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
BDD Size (nodes) BDD Size (nodes) BDD Size (nodes) BDD Size (nodes)
(b) Under VIS 1.3 with CU BDD Package.
150 150 150 150
5 - Class ALU4r-in-WD 6 - Class ALU4r-in-WD 7 - Class ALU4r-r-WD 8 - Class ALU4r-rn-WD
125 mE 125 125 125
733 1 919
100 hodes [ |-odes 100 100 100
7'—_\ L 7R 7: 7'—_\
Treatment 1 Treatment 0 / Treatment 1 Treatment 0
50 Treatment 5| | | Treatment 2 50 Trea’fr\r\ment 9 Treatment 6 50 Treatment 5 g Treatment 2 50 TreaFment 9 Treatment 6
25 ;,/; 25 NN 1 n 25 NN 25 NN B
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000

BDD Size (nodes) BDD Size (nodes)

BDD Size (nodes) BDD Size (nodes)

Fig. 2. BDD size (node) statistics under different variable ordering strategies, denoted as “treatments”.

In all cases, the print_partition_stats command in VIS
is used as an evaluator, and the MDD (Multivalued Deci-
sion Diagram) node count is used as the cost function. We
use the t-test to determine whether the means of two dis-
tributions are signifcantly different; |t| > 1.98 indicates a
significant difference of means at the 95% confidence level.

2. Sensitivity to Variable Labeling. We apply a set of
treatments to the isomorphism classes ALU4r-in-WD (128 re-
ordered instances of a 4-bit ALU circuit) and ALU4r-rn-wD
(128 relabeled, reordered instances of the same circuit) to
demonstrate the importance of randomizing both the or-
der and labeling of netlists [7]. Figure 2a summarizes the
results. In Figure 2a-1, all circuits achieve identical static
orderings, and thus identical node counts, when the vari-
ables are not randomly relabeled (763 and 1206 nodes, re-
spectively). In [6], this was determined to be a feature of
static ordering in VIS 1.1: before applying the static vari-
able ordering algorithm itself, an internal hash table order-
ing overrides the variable order provided in the input data
file. Figure 2a-3 shows the results of identical treatments
applied to the same circuit class, but with the variables not
only reordered but also randomly relabeled. Now, the static
ordering algorithm sees a different variable order since the
random relabeling of nodes, for each circuit instance, has
confounded and randomized the ordering induced by the
hash table in VIS. As emphasized in [5], the randomiza-
tion process of re-order and re-label is an essential part of
a good experimental design. Without it, experiments run
the risk of generating data that does not at all reflect the
true behavior of the algorithm whose performance we are
testing.

Figure 2b shows the results of the same procedures under
VIS 1.3. Although identical results are obtained when ran-
dom static orders are forced (Figure 2b-6 and 2b-8), there
are obvious differences in performance when VIS static or-
dering is enabled (Figure 2b-5 and 2b-7).

If we were to compare the results shown in Figure 2a-1 for
VIS 1.1 (723 and 1206 nodes) with Figure 2b-5 for VIS 1.3
(733 and 919 nodes) and declare an ‘improvement’, it would
be premature, since the experiment has been confounded
again by the hashing of input data into an order that is
the same for all input representations. The only way to
deal with such problems is to randomize node labels, even
though all netlists remain isomorphic and logically identical.

Randomizing the node labels for each circuit instance
and repeating the experiment again induces distributions,
as shown in Figure 2b-7, which captures the correct behav-
ior under VIS 1.3 of the algorithms labeled as Treatment 1,
2, and 5. Comparing the distributions for Treatment 1, 2,
and 5 under VIS 1.1 and VIS 1.3, using the data of Figures
2a-3 and 2b-7, we can now correctly conclude the follow-
ing: (1) VIS 1.3 is sigificantly better only for Treatment 1,
2 (t = 19.4), while (2) VIS 1.1 is significantly better for
Treatment 5 (¢ = 4.03). The conlusions based on this ex-
periment using the results in Figure 2b-5 would clearly be
wrong!

3. Effectiveness of Dynamic Reordering. In [7] it was
demonstrated that, even under the “strongest” available re-
ordering treatment, the results were far from optimal. Here,
we repeat the experiment under VIS 1.3, and similar results
are obtained. Figure 3 shows the effects of successive dy-
namic reordering for a 15-bit carry circuit with a known



(a) Under VIS 1.1 with CU BDD Package.
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(b) Under VIS 1.3 with CU BDD Package.
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Fig. 3. BDD size distributions for isomorphic and logically equivalent classes of 128 15-input carry circuits.

optimal order. Inspection of the histograms for treatments
7 through 9 for VIS 1.3 suggests small improvements over
VIS 1.1, but the t-test proves that these differences are not
statistically significant. The ¢ score is -0.54 for treatment 8
and +0.288 for treatment 9. However, observe that about
25% of all mutants in this class achieve non-optimal order-
ings, even with exhaustive sifting (treatment 9) under either
release.

4. Asymptotic Performance of Dynamic Reordering.
Figure 4 shows a test of asymptotic performance for the two
releases of VIS, using classes of scalable circuits (warp, a
chain of multiplexors, and ez_carry, a modified carry chain)
with known optimal orders. As expected, the BDD size
increases exponentially with the number of circuit inputs;
however, note that the distributions of BDD sizes (summa-
rized as box plots) are almost entirely above the best-order
line in all cases. These results are similar to those shown in
Figure 2 for the ALU circuit. The t-tests for the 31 and 63
input ex_carry circuits give scores -3.98 and -6.78, indicat-
ing that VIS 1.1 achieved significantly better orders than
VIS 1.3.

5. Performance of Dynamic Reordering. Figure 5
presents results for seven classes of circuits derived from
the well-known C432 benchmark circuit [8]. The reference
circuit has 7 outputs; we have constructed classes which
represent subfunctions of C432 having 1, 2, ... 6 outputs.
For each such subfunction, an isomorphism class was con-
structed and evaluated. Visual inspection indicates that the
differences between VIS 1.1 and 1.3 are insignificant in all
cases other than treatment 2 and 4. Under VIS 1.3, the

small distribution of BDD sizes under treatment 2 and 4
shows that the static ordering algorithm is now achieving
good orders consistently, as demonstrated by the very tight
distributions of BDD sizes.

3 CONCLUSIONS

The experiments described above lead to several observa-
tions:

1. VIS 1.3 static ordering is an improvement over VIS 1.1
static ordering. The latter was shown to be equivalent to
random ordering in [6].

2. VIS 1.3 static ordering still relies on hashing the order
of data read from the input file. Hence for the same netlist,
the same variable order will be produced, regardless of the
order of the input. The only way to invoke the complete
behavior of the static ordering in VIS 1.3 is to randomly
re-label all nodes, as was previously demonstrated for VIS
1.1 in [6].

3. VIS 1.3 dynamic reordering appears not to result in
orders as good as VIS 1.1. This is particularly surprising,
since static ordering is no longer random.

4. Neither release is able to consistently achieve optimal
orders for small, regular circuits with obvious best order-
ing.

The conclusions of these experiments are not meant to dis-
parage VIS, or any system, but to demonstrate how sys-
tematic experimental design can be used to reveal whether
perceived differences between releases are significant.
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Fig. 4. Asymptotic behavior of two families of scalable circuit classes, each isomorphic and logically equivalent, with 128
circuits per class.
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Fig. 5. BDD sizes for 7 classes of C432 with 1 to 7 outputs. Each class consists of 100 isomorphic and logically equivalent
circuits.
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