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Abstract. The bigraph crossing problem, embedding the two vertex sets
of a bipartite graph G = (V0; V1; E) along two parallel lines so that
edge crossings are minimized, has application to circuit layout and graph
drawing. We consider the case where both V0 and V1 can be permuted
arbitrarily | both this and the case where the order of one vertex set
is �xed are NP-hard. Two new heuristics that perform well on sparse
graphs such as occur in circuit layout problems are presented. The new
heuristics outperform existing heuristics on graph classes that range from
application-speci�c to random. Our experimental design methodology
ensures that di�erences in performance are statistically signi�cant and
not the result of minor variations in graph structure or input order.

Keywords. crossing number minimization in graphs, graph equiv-
alence classes, design of experiments

1 Introduction

The minimization of the crossing number in a speci�c graph embedding has
often been motivated by factors such as (1) improving the appearance of a graph
drawing [4, 7, 10, 23, 29], (2) reducing the wiring congestion and crosstalk in VLSI
circuits, which in turn may reduce the total wire length and the layout area
[19, 22, 25, 26]. This paper is about bigraph crossing de�ned as follows for any
bipartite graph (bigraph) G = (V0; V1; E) [16]: Let G be embedded in the plane
so that the nodes in Vi occupy distinct positions on the line y = i and the edges
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are straight lines. For a speci�c embedding f(G), the crossing number Cf (G)
is the number of line intersections induced by f . This depends only on the
permutation of Vi along y = i and not on speci�c x-coordinates. The (bigraph)
crossing number C(G) = minf Cf (G). Garey and Johnson [11] proved that it is
NP-hard to compute C(G). Detection of a biplanar graph, a bigraph G for which
C(G) = 0, however, is easy [15].

Previous work on bigraph crossing has focused primarily on the �xed-layer
(version of the) problem, namely computing C(G) subject to the constraint that
the permutation of V0 on y = 0 must stay �xed. Even that is NP-hard [9]. Work
on heuristics for both �xed-layer and general bigraph crossing has mostly been
theoretical [4, 8, 9, 20, 21]. Experimental evaluation has focused on dense graphs,
for which good lower bounds are available [5, 18], and sparse random graphs
[18]. Graphs arising in circuit design are very sparse and highly structured.
Moreover, the dot package [10], used widely for graph drawing, has not been
compared with other heuristics. This paper addresses these shortcomings by
(a) evaluating heuristics based on their performance on general (rather than
�xed-layer) bigraph crossing, (b) presenting new heuristics that perform well
on instances related to circuit design and random graphs of the same sparsity,
(c) doing careful comparison of new heuristics with dot and other heuristics in
the literature, and (d) presenting an experimental methodology that allows us
to validate heuristics on data that ranges from application-speci�c to random.

The performance of a heuristic can vary widely even on a single input graph,
depending on the order in which the input is presented. This motivates us to
de�ne a presentation (of a graph G) as hG; �0; �1i, where �i is a permutation
of Vi. As any heuristic implicitly sequences the input when it reads data, the
presentation captures essential information about any of the common ways of
describing a bigraph. If described as a list of neighbors for each V0 node, �0
describes the order of appearance of the V0 nodes while �1 is used to sort the
adjacency lists. A list of edges is sorted using �0 as primary key and �1 as
secondary key. Quite conveniently, a presentation also yields an embedding of
G: use �i to sequence the Vi vertices along y = i. Let C(hG; �0; �1i) denote its
crossing number. The object of the bigraph crossing problem, then, is to compute
(or approximate) C(G) = min�0;�1 C(hG; �0; �1i).

Pushing this idea further, a heuristic h is a mapping from one graph pre-
sentation to another, that is h(hG; �0; �1i) = hG; �00; �

0
1i and we can study its

behavior statistically by looking at how a distribution on random hG; �0; �1i
drawn from a class of presentations imposes a distribution on C(h(hG; �0; �1i)).
Recently the distribution of C(h(hG0; �0; �1i)) using a speci�c heuristic h became
an important factor in characterizing a graph [14]: �0 and �1 were chosen ran-
domly and G0 was chosen from a well-de�ned set of perturbations of G. In this
paper, we demonstrate the converse: sets of graph presentations have an impor-
tant role in the design of experiments such that the performance of the various
known bigraph crossing heuristics can be measured with statistical signi�cance.
Moreover, the experiments have stimulated the development of a new heuris-
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tics and we demonstrate that the improved performance is due to signi�cant
improvements of the algorithms and not due to chance.

The paper is organized as follows: Section 2 motivates the proposed approach,
Section 3 presents the proposed heuristics, both existing and new, Section 4
describes the design of our experiments, in terms of heuristics applied and data
sets used, Section 5 summarizes experimental results, and Section 6 presents
tentative conclusions and suggests further work. An appendix describes how to
access and use our data and programs via the world-wide web.

2 Background and Motivation

Routinely, we use dot [10] as the crossing number minimization algorithm to
characterize and distinguish equivalence classes of graph presentations as de-
�ned in [14]. In 1997, we posted on the Web results of a very basic experiment
on three families of equivalence classes of bigraph presentations: (a) isomor-
phism classes (classes in which G remains �xed but �0 and �1 vary) based on
a biplanar graph, (b) isomorphism classes based on a graph with a two cycles
joined at an articulation point (C(G) is known for this graph, which we call
cyclic), (c) perturbed classes (presentations have the form hG0; �0; �1i where G

0

is a well-de�ned perturbation of G) based on the graphs in (b) [2]. It quickly
became apparent that dot performs far from optimal, even for graphs with as
few as 9 nodes.
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Fig. 1. Crossing number distributions and statistics observed with program dot on
three equivalence classes of bigraphs: (a) 100 instances of isomorphic biplanar graphs,
(b) 100 instances of isomorphic non-planar graphs with a minumum crossing number
of 64, (c) 100 instances of mutant graphs of (b).

An example of the observed performance with dot on the three classes is
shown in Figure 1. All graphs analyzed in Figure 1 are of comparable size and
density: the biplanar graph has 128 nodes and 129 edges, the cyclic graph has
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131 nodes and 132 edges and a crossing number of 64, each of the mutant graphs
has 131 nodes and 132 edges and the crossing number is expected to be a ran-
dom variable due to the construction of the mutant graphs. The histograms in
Figure 1 demonstrate that for graphs of this size, C(dot(hG; �0; �1i)), the cross-
ing number as reported by dot, behaves as a random variable not only for the
perturbed class in Figure 1(c) as expected, but also for the two isomorphism
classes where, ideally, each distribution should have variance of 0 and popula-
tion means of 0 for Figure 1(a) and 64 for Figure 1(b). Notably, only 25 of 100
graph presentations in Figure 1(a) achieve C(dot(hG; �0; �1i)) = 0; there are 10
presentations whose crossing number distribution ranges from 80 to 100. For the
100 graph presentations in Figure 1(b), the best reported crossing number is 70,
and there are 5 presentations with C(dot(hG; �0; �1i)) = 211!

The results of simple experiments summarized in Figure 1 provide a strong
motivation for the premise of this paper: by reducing the dependency of the
crossing number minimization algorithm on the initial order of nodes in the
graph, we will have improved the overall performance of the algorithm.

We illustrate the nature of the problem with the example in Figure 2. The

(c)  Node order  optimized with Treatments  14, 15, 16, 17, 18 or 19  (crossing number = 4)

m1 m2 m3 m4 m5 n1 n2 n3 n5 n4

a1 a2 a3 a4 c1 b1 b2 b3 b5 b4 b6

(b)  Node order  optimized with Treatments  12 or 13  (crossing number = 18)

m5 m4 n1 m3 n2 n3 n4 n5 m2 m1

a4 c1 a3 b1 b2 b3 b4 b5 b6 a2 a1

(a) Initial  node order -- no optimization (crossing number = 41)

m3 n2 m2 m5 m4 n3 n1 m1 n5 n4

a3 a2 b1 b3 a1 a4 c1 b4 b5 b2 b6

Fig. 2. A simple graph example illustrating: (a) a presentation that is found `di�cult'
for the dot heuristic, (b) the presentation found by dot, (c) an optimum presentation
found by heuristic combinations tr14-tr19 reported in this paper.
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initial order of the bigraph in Figure 2(a) reports a crossing number of 41. The
best node ordering achieved by dot reports a crossing number of 18 and is shown
in Figure 2(b). However, the optimal node ordering achieved by several heuristics
reported in this paper results in a crossing number of 4 and is shown in Figure
2(c).

Dot's initial ordering, based on breadth-�rst search, folds the path from m1 to
n1 into an awkward position so that even arbitrarily many iterations of the sub-
sequent median heuristic (dot stops at 24 iterations) cannot disentangle it. The
initial ordering imposed by our two-pass guided breadth-�rst search, described in
the next section, is shown in Figure 2(c). It is optimal.

3 Overview of the Heuristics

Our heuristics (experimental treatments) follow the scheme outlined in the clas-
sical paper by War�eld [29]. There are two phases: an initial ordering and iter-
ative improvement. The former involves some global computation on the graph
to sequence the nodes in each layer and the latter repeatedly solves a �xed-layer
problem on alternating sides. Various combinations of initial ordering and iter-
ative improvement make up the experimental treatments discussed in Section 4.

3.1 Initial Ordering

Two observations suggest that a carefully computed initial ordering can avoid
traps for subsequent attempts at improvement without incurring prohibitive
execution time. First, a connected graph is biplanar i� it is a comb (tree that
becomes a path when its leaves are removed) [15]. The embedding of a comb
can be computed easily in linear time [6]: the trick is to embed the spine (path
that remains when leaves are deleted from the comb) from left to right, zig-
zagging from layer to layer, and inserting any leaves attached to a spine node
to the left of the next spine node. Second, a cycle of length 2n has an optimum
embedding with n�1 crossings [16] and that embedding is achieved if the nodes
are sequenced in breadth-�rst order starting at any node of the cycle.

We use two initial orderings in our experiments in addition to the random
ordering (obtained by using the input presentation), for a total of 3 possibili-
ties. One ordering uses a breadth-�rst search starting at a random node. This
always gets the optimal solution for a simple cycle, and tends to perform bet-
ter than input ordering on the classes of graph presentations we looked at. The
dot heuristic also starts with a breadth-�rst search, but has additional features
related to aesthetic objectives other than minimizing crossing.

Our contribution is an initial ordering heuristic called guided breadth-�rst
search (GBFS). Two passes of breadth-�rst search are done. In the �rst pass,
each node v is given dist[v], the distance from the start node, and depth[v], the
maximum value of dist[w] achieved by any descendant w of v in the breadth-�rst
search tree. The second pass begins the search at a node s for which dist[s] is
maximized. Adjacency lists are sorted by increasing depth and ties are broken
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by visiting nodes w with larger dist[w] �rst. Sequence numbers are assigned to
nodes based on the order of visitation in the second search. Finally, the sequence
numbers are used to sort nodes on each side of the bigraph. All of the above
can be accomplished easily in linear time: the depth values can be calculated
as nodes are visited in reverse order at the end of the �rst bfs (depth[v] =
maxw a child of v depth[w]), and all sorting is based on values that range from 1
to n (bin sorts of all adjacency lists can be combined). Our actual implementation
is not linear time | it uses insertion sort | but it runs fast enough in practice
(and timing is not an issue we address directly in this paper).

Figure 3 shows the two breadth-�rst searches of GBFS on the example in
Figure 2. The �rst search begins at n4, but that choice is completely arbitrary.

n2 n1

n3

n4

n5

b1

b3

c1

b4

b5 b2

b6

m1

m5

14

14

14

14

14

14

14

14

2

2

3 5

5

5

n2

n1

n3

n4n5

b1

b3

c1

b4b5

b2

b6

12 13

1817

m1

m5

1

9

10

11

15

2019

21

14

16

depth = 5 depth = 14

(a) First BFS (b) Second BFS

Fig. 3. GBFS starting at node n4 of Figure 2(a). Numbers next to nodes indicate depth
in (a) and sequence numbers in (b).

In some cases starting the �rst bfs at a node of maximum degree improves
performance of GBFS considerably. A max-degree node is likely to be an artic-
ulation point included in more than one cycle, and beginning the search there
reduces the likelihood that two cycles that can be embedded without interfer-
ence will cross each other. We include this enhancement in our implementation,
though it appears to be super
uous when a good iterative improvement strategy
follows GBFS. It is easy to show that GBFS always obtains optimal solutions
for biplanar graphs and simple cycles.

3.2 Iterative Improvement

To improve upon the initial orderings discussed above, we repeatedly apply a
heuristic for �xed layer crossing. Our experiments use two popular previously-
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known heuristics and a new heuristic called adaptive insertion. These heuristics,
described in detail below, are used separately or in combination. Regardless of
which heuristic is used, our implementation has a parameter that governs the
maximum number of iterations without improvement, set arbitrarily at 24. After
each application of the heuristic, the current ordering is saved if it has fewer
crossings than any ordering observed so far. The discovery of a better solution
also resets the iteration count to 0. For purposes of the discussion below, we
de�ne each heuristic to mean all iterations of it. An iteration consists of two
passes, one on each layer, where a pass is a single application of the original
heuristic for the �xed layer problem.

The median heuristic treats the neighbors of each node as a set of integers
representing their ordinal numbers on the opposite side. Nodes are sorted us-
ing the medians of these sets as keys. Implementations of the median heuristic
di�er in how the median of a set of even cardinality is computed. Ordinarily,
the median would be de�ned as the mean of the two middle elements. The dot
package [10] uses the mean when there are exactly two elements and a biased
mean (biased toward the side on which neighbors are closer together in the or-
dering) otherwise. The median heuristic for which theoretical bounds are known
(see [4, 9, 20]) always uses the smaller of the two candidates, but with the added
condition that, in case of ties, nodes with odd degree always precede those of
even degree. We adopt this latter median heuristic in our experiments. Assum-
ing random initial ordering and a stable sort, the probability that the median
heuristic embeds a simple path optimally is O(1=n). However, it almost always
embeds a simple cycle optimally (without the limit of 24 iterations, it would
succeed every time).

The barycenter heuristic uses the mean of the set of neighboring positions,
rather than the median, as a key for sorting (the name comes from the fact
that it's a one-dimensional analog of Tutte's barycenter method for drawing
graphs [27, 28]). It performs poorly on paths, cycles, and other very sparse highly-
structured graphs (since these require decisive movement of degree-2 nodes).
On graphs that are more random and/or have several nodes of high degree,
barycenter does better than median (high-degree nodes need to be centrally
located wrt to their neighbors).

Sometimes a mix of median and barycenter does better than either. Our
implementation has a parameter � and sorts nodes using keys �B + (1� �)M ,
where B andM are the barycenter and median keys, respectively. When the mix
is a signi�cant improvement, the best choice of � appears to be 0:5 (as opposed
to 0:25 or 0:75).

Each pass of the median heuristic can be implemented in linear time (the
keys used for sorting are integers in the range 0; : : : ; n�1), while the barycenter
or mixed heuristics require O(m+ n logn) per pass (m is the number of edges,
n the number of nodes).

The new ordering computed by a single pass of the median or barycenter
heuristic is independent of any cost considerations and therefore non-adaptive
in the sense that any rearrangement is done whether or not it decreases cost. The
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dot heuristic, however, has a �nal phase that decides whether or not to exchange
the nodes (at positions) i and i+ 1 on layer ` based on whether d`(i; i+ 1), the
resulting di�erence in crossing number, is negative (represents improvement).
The value d`(i; i + 1) depends only on the relative positions of neighbors of
nodes i and i+1 on layer 1�` and is therefore easy to compute [4, pp. 281{283].

Adaptive insertion, our contribution to iterative improvement, generalizes
the conditional exchange idea and considers the e�ect of inserting node i before
(after) any node j < i (j > i) on layer `. When j < i the resulting cost change,
D`(i; j), is

P
j�k<i d`(i; k) | the e�ect of the insertion is that of a series of

swaps of i with i� 1; : : : ; j (situation is symmetric when j > i).
One pass of adaptive insertion does a right-to-left sweep of nodes on a layer `.

If the current node i has not already been inserted, the position j, before or after,
with the best D`(i; j) is found (nodes are not allowed to stay in place even if
any insertion would increase the number of crossings).

Consider the example in Figure 2(a) and suppose adaptive insertion is applied
to the upper layer ` = 1. The rightmost node is n4 andD1(n4; n5) = d1(n4; n5) =
�1. Since d1(n4; m1) = 2, the value of D1(n4; m1) increases to 1. As we move
farther to the left, considering insertion positions for n4, the value of D1(n4; x)
continues to increase, so the best choice is to insert n4 before n5. The sweep
then moves left to n5, which is skipped, having already been inserted (n4 does
not have an opportunity to be inserted in this phase; giving it one would be
counterproductive, since it would simply be swapped with n5). Next m1 �nds its
optimal position before m5 with D1(m1; m5) = �5. And so on. Figure 4 shows the
results of the completed pass of adaptive insertion on the graph of Figure2(a).
The node m3 was forced to swap with m2 (the least of evils) even though this
caused a net gain of 3 crossings.

 (crossing number = 32)
m2 m3 n2 m1 m4 m5 n1 n3 n4 n5

a3 a2 b1 b3 a1 a4 c1 b4 b5 b2 b6

Fig. 4. One pass of adaptive insertion starting with presentation shown in Figure 2(a).

Adaptive insertion seems to do well where the median does badly and vice-
versa. An e�ective combination alternates iterations of adaptive insertion with
iterations of the median/barycenter mix. This, combined with an initial GBFS
ordering, is the best overall performer among our heuristics.

One pass of adaptive insertion takes O(m2) time. If all adjacency lists are
initially sorted using layer 1 � ` positions as keys (this can be done in linear
time), the calculation of d`(i; k), and hence D`(i; k), for all k 6= i takes time



9

O(mk) where k = deg(i). Summing over all nodes i gives the O(m2) bound. For
denser graphs the time per node can be reduced to O(m log k) using a simple
data structure, for an overall bound of O(mn log(m=n)) per pass.

4 Experimental Design

Experiments with results such as summarized in Figure 1 demonstrate that par-
ticular executions of a heuristic to solve the optimum node ordering in bigraphs
o�er no indication of the quality of the solutions produced in general. Changing
the starting point for the problem instance can induce unpredictable variability
of results when experiments are repeated.

Two of the fundamental principles of experimental design are randomization
and replication. We adopt these principles for the experimental evaluation of
heuristics by (1) creating a presentation equivalence class, (2) repeating the
experiments for each member in the class, and (3) making the equivalence class
and the heuristics available so that other researchers can repeat our experiments
(or variations of them; see the Appendix for more details). The basic abstractions
for such experiments include [1]:

1. an equivalence class of experimental subjects, eligible for a treatment;
2. application of a speci�c treatment;
3. statistical evaluation of treatment e�ectiveness.

Here, a treatment is synonymous with a heuristic and an equivalence class of
experimental subjects is synonymous with a graph presentation class. Figure 5
illustrates these abstractions in a generic 
ow. The cost index, minimized by
permuting the nodes at both levels of the graph, is C(h(hG; �0; �1i)), where h is
any of the treatments in Figure 5.

The treatments can be divided into three main groups based on the initial
ordering (see the previous section) used: tr00-tr05 represent random (input)
order, with tr00 playing the special role of a placebo treatment; tr06-tr11 rep-
resent breadth-�rst ordering; and tr14-tr19 represent ordering obtained from
our GBFS. The remaining treatments, tr12 and tr13 are dot with 24 and 48
iterations, respectively.

The iterative improvement heuristic used (previous section) determines the
treatment order within each group: the �rst treatment (tr00, tr06, tr14) does
no iterative improvement; the second through fourth (tr01-tr03, tr07-tr09,
tr15-tr17) do the median, median/barycenter mix, and barycenter; and the
last two (tr04-tr05, tr10-tr11, tr18-tr19) do adaptive insertion, either by
itself or alternated with a median/barycenter mix.

Experimental subjects are drawn from circuit layout problems. The example
in Figure 2, is representative of graphs that can be extracted from VLSI designs
such as shown in Figure 6. This particular example is based on the largest
connected component found in a dag, referenced as a classifier controller

or cc in [24]. Since the circuit cc implements the controller, there are a few nodes
with a large out-degree (or fanout) that introduce unavoidable edge crossings;
note however, that there is also a small biplanar region. Before introducing
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Design of Experiments to Compare Graph-Based Algorithms      
Class  ANY = SAME{#_of_nodes, #_of_edges,  #_of_perturbations, ...}  

Cost Index: crossing number, BDD size, logic area & level, layout area, ...     

class ANY

circuits

cost index

circuits

EVAL
apply

Algorithm_i

EVAL

circuits

cost index

apply
Algorithm_k

• • •

• • •

• • •

• • •
Algorithm_i == Treatment_i  

Legend

natural node order given by
the input graph

BFS breadth-�rst order

GBFS 2-pass guided breadth-
�rst order (see Section 3)

dot as described in [10]

median as described in [4]

barycenter as described in [4]

median/ combines median and
barycenter barycenter (see Section 3)

adaptive inserts each vertex
insertion optimally (see Section 3)

adaptive adaptive insertion
insertion++ alternated with median/

barycenter

Treat- Initial Final
ment Ordering Ordering

0 natural none

1 natural median

2 natural median/
barycenter

3 natural barycenter

4 natural adaptive
insertion

5 natural adaptive
insertion++

6 BFS none

7 BFS median

8 BFS median/
barycenter

9 BFS barycenter

10 BFS adaptive
insertion

11 BFS adaptive
insertion++

12 dot dot (24 it.)

13 dot dot (48 it.)

14 GBFS none

15 GBFS median

16 GBFS median/
barycenter

17 GBFS barycenter

18 GBFS adaptive
insertion

19 GBFS adaptive
insertion++

Fig. 5. Design of experiments with bigraph equivalence classes to compare the crossing
numbers under distinctive vertex ordering algorithms (treatments).
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families of parameterized graphs that have properties of the graph in Figure 7,
we brie
y describe the graph mutation process as introduced in [14].
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Fig. 6. Example of a bigraph, extracted as a connected component from a dag of a
VLSI circuit.

The graphs in Figures 2 and 6 are directed bigraphs: the square nodes rep-
resent signal source nodes or net nodes, the oval nodes represent the signal pro-
cessing nodes or cell nodes. Since the graph under consideration has two layers
only, there is no need to de�ne sink nodes. In VLSI circuits, the out-degree or
fanout of net nodes is assumed to be a loosely bounded random variable, the
in-degree or fan-in of the cell nodes is assumed to be a tightly bounded random
variable. By design, and for simplicity of inducing the equivalence classes of bi-
graph presentations, all cell nodes considered in this paper have a fan-in of 2.
The graph such as shown in Figure 2 illustrates an instance of a reference graph
Gr with a characteristic signature � = f10; 11g where 10 is the total number of
net nodes and 11 is the total number of 2-input cell nodes.

From each reference graph Gr, we can de�ne three equivalence classes of
derived presentations (see [14] for more details and more possibilities): (1) the
isomorphism class for Gr (designated by the su�x -WD in the �gures reporting
results), consisting of presentations hGr ; �0; �1i (only the permutation of nodes
on each layer di�ers). (2) the mutant class for Gr (su�x -WBB), consisting of
presentations hG0

r; �0; �1i, where G
0
r is a random connected graph with the same

signature as Gr (we assume Gr is connected as well), that is, the same number
of degree-2 cell nodes on one layer (hence the same number of edges as well), and
the same number of net nodes, and (3) the random class for Gr (su�x -WRD),
consisting of presentations hG0

r; �0; �1i, where G
0
r is completely random with the

same number of nodes on each layer and the same number of edges as Gr (G
0
r is

not necessarily connected, nor does it have fan-in 2 for cell nodes, but it has no
isolated nodes). We took a special precaution to assign to each instance of any
class the following properties:

P1: the order of all cell and net nodes in each presentation is random relative
to all other members in the class (that is, �0 and �1 are uniformly random),

P2: the names of all cell and net nodes in each presentation are assigned ran-
domly relative to all other members in the class.

Properties P1 and P2 are essential to good experimental design and must be
maintained universally for all equivalence classes. The purpose of P1 is clear.



12

Without P2, some programs that rely on hashing the input data may unknow-
ingly undo the randomization of input presentations and confound the experi-
ments. An important lesson on this subject has been learned and reported in [17].

In addition to using the cc graph directly, we use three types of reference
graphs in sizes that are increasing powers of 2: (1) the biplanar type of size q is
a comb with 2q + 1 net nodes and 2q cell nodes for a total of 4q + 1 nodes and
4q edges, (2) the cyclic type of size q consists of two simple cycles each having
q + 2 nodes and edges and joined at a net node (which becomes an articulation
point), and (3) the combined type of size q is a biplanar graph of size q joined
to a cyclic graph of size q via an additional connector (cell) node for a total of
8q + 5 nodes and 8q + 6 edges. Figure 2 is an example of a combined graph of
size 2.

In the following section we report the results of 12 distinct experiments, con-
sisting of isomorphism classes, mutant classes, and random classes based on the
cc graph and each of the reference graph types biplanar, cyclic, and combined.
The increasing sizes indicate asymptotic trends in the relative behavior of the
heuristics.

5 Experimental Results

The experiments are based on the model shown in Figure 5. Treatments 0{19
are applied to all classes of data described in the paper. For each presentation of
input hG; �0; �1i, a treatment hk induces a treated representation hk(hG; �0; �1i)
as hG; �00; �

0
1i which is in turn evaluated by a common crossing number evaluator,

cn eval. The evaluator (1) reads a �le of the graph description in dot format, as
well as a companion �le that simply stores the vertices Vi in the order determined
by �0i, and (2) reports the crossing number of the presentation.

All classes of input data are organized for easy access through the Web, like
the variety of illustrative experimental designs reported earlier [3]. As in [3], web-
posting includes complete tables of crossing number results for all treatments and
all classes of input data, along with statistical summaries that include con�dence
intervals of the reported means, and t-tests to analyze the signi�cance of reported
di�erences between the means. Since the treatment 19 is clearly the best overall
treatment reported in the current work, we also post node permutations �00; �

0
1

along with the respective crossing numbers reported by this treatment. Read-
ers of this text should look under http://www.cbl.ncsu.edu/experiments/-
DoE Archives/DoE 0003 for completed archives of experimental data and pro-
grams presented in this paper (see the Appendix for more information).

Due to space limitations, we con�ne the statistical summaries of our experi-
ments to illustrations shown in Figure 7 and 8.

5.1 Figure 7

Figure 7 shows treatments sorted by mean cost on the cc reference graph. The
best heuristic overall is a combination of several: GBFS initial order, followed
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Fig. 7. Crossing number reports for treatments 0{19 applied to three equivalence
classes derived from the reference bigraph cc lev1.
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by adaptive insertion alternated with a median/barycenter mix. This multi-
heuristic combination consistently does better on all presentation classes and
also has better asymptotic behavior with respect to solution cost than any of
the others. The placebo, tr00, is not shown: random solutions are far worse
than those produced by any of the heuristics. For the isomorphic class, they
range from 440 to 752 crossings; for the mutant class from 501 to 780; and for
the random class from 314 to 818.

Even though the di�erence between bfs and GBFS is dramatic for the iso-
morphism class when these heuristics act alone (tr06 and tr14), the di�erence
decreases signi�cantly as iterative improvement is added (tr10 vs. tr18, tr11
vs. tr19) or the classes become more random (mutant and random versus iso-
morphism). This is not surprising since GBFS was inspired by the circuit-derived
examples.

Adaptive insertion is clearly a better strategy for iterative improvement than
any of the others, but it is also the most time intensive. This suggests that
bigraph crossing heuristics have not yet reached a point of diminishing return
in terms of investment in execution time. Whether this should be exploited by
increasing the number of iterations without improvement or by developing more
sophisticated local search strategies remains unclear, most likely the latter.

5.2 Figure 8

Here we summarize results of the remaining 9 experiments (3 graph types, each
with 3 di�erent presentation classes). The plots that show only tr19, the best
overall heuristic, illustrate the growth in objective function value on a log/log
scale. Except for the biplanar isomorphism class, the number of crossings re-
ported grows polynomially with the number of edges, the slope representing the
exponent. For the biplanar classes, the di�culty (from the point of view of tr19)
increases with the degree of randomness. The mutant class (WBB) contains trees
that are not biplanar, but no cycles, while the random class may also contain
cycles. This suggests that non-biplanar trees can be pretty di�cult, but not as
di�cult as more general bigraphs. In the cyclic and combined (multi1) classes,
the mutants are more di�cult than the random bigraphs: recall that the mutants
have a single connected component while the random graphs, because of their
sparsity, are unlikely to have even a large connected component relative to the
rest of the graph.

The other plots show that the di�erence between crossing numbers obtained
by tr19 and three competitors increases with increasing bigraph size. A log/linear
scale is used here to make the separation more visible, but it should be pointed
out that all of the di�erences grow nonlinearly (they curve upward even on a
linear/linear scale but the lines are no longer as distinct from each other). Dot
(represented by tr13 is clearly a competitive heuristic and is put at a disadvan-
tage with respect to the adaptive insertion heuristics as the graph size increases
because of its �xed iteration limit. An adaptive bound on the number of itera-
tions, as the authors of [10] suggest might improve its relative performance.
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Fig. 8. Summary of asymptotic experiments on minimizing the crossing number mean
with four treatments (tr05, tr011, tr13, tr19), applied to three parameterized families of
reference bigraphs (biplanar, cyclic, and combined, i.e. multi1), each bigraph inducing
three equivalence graph classes, each class with the same number of edges and nodes
(and no isolated nodes): isomorhism class (WD), signature-invariant and component-
invariant mutant class (WBB), and random class (WRD).
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Our hypothesis that better initial orderings make a di�erence is clearly sup-
ported, even in the presence of sophisticated iterative improvement, as seen by
the growing gaps between tr19 and tr11, and again between tr11 and tr05;
all three use adaptive-insertion++ for iterative improvement.

6 Conclusions and Further Work

This study is only the beginning of what we hope is a new approach to exper-
imental study of bigraph crossing and other intractable problems. Input data
and treated output can be shared and veri�ed so that di�erent groups work-
ing on the same problem can conduct repeatable experiments. Better heuristics
are often developed through a detailed understanding of why speci�c instances
present di�culties, and such understanding is made more likely when data is a
signi�cant component of the experimental design.

Some directions to pursue later include

{ Better lower bounds for sparse graphs: these could be based on the fact that
a tree requires at least as many crossings as the minimum number of edges
that need to be deleted in order to produce a comb and on the theoretical
lower bound for cycles (it appears that these can be combined additively for
a spanning tree of a graph and its fundamental cycles).

{ Even better initial ordering: there are simple examples of trees on which
GBFS does poorly. A useful approach might be to �nd biconnected compo-
nents and then try to optimize the underlying tree structure. For a tree T ,
it is known that C(T ) can be computed in polynomial time [25], although
the algorithm appears to be complicated.

{ More powerful iterative improvement heuristics: all the ones presented here
have at most quadratic time per pass. Are there heuristics that obtain su-
perior solution quality for the price of more computation time?

{ Use heuristics as a �lter for creating presentation classes in which the distri-
bution of �0; �1 changes from uniformly random to some other distribution
in order to study which treatments work best in sequence.

{ Theoretical work on the median and barycenter heuristics: previous work (as
reported in [4]) only addresses the �xed-layer problem. It also appears that
the median and barycenter heuristics have interesting convergence properties
(they converge quickly to a \local optimum").

{ Relationship between bigraph crossing and other objective functions for lay-
out of VLSI circuits: preliminary experiments [12, 13] indicate a high corre-
lation with wire length in the �nal routing obtained by at least two di�erent
design automation tools. In fact, our bigraph crossing heuristics appear to
achieve better wire length than layout heuristics that are speci�cally de-
signed to minimize wire length. Relevant theoretical work relates bigraph
crossing to optimum linear arrangement [25].
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Appendix

Data set and programs used in our experiments are available on the Web at
http://www.cbl.ncsu.edu/experiments/DoE Archives/DoE 0003. The orga-
nization of this directory is outlined in Figure 9. Upon accessing the directory,
researchers will �nd links and documentation to (1) reference circuits used to
generate equivalence classes, (2) subdirectories of equivalence classes for each ref-
erence circuit (each class has 128 graphs), and (3) complete postings of results
for treatments 0 to 19 as described in this paper.

For example, the treatment 0019 archives results of experiments under Treat-
ment 19 applied to each circuit class. The results of treatments for each class
include (1) tables of crossing numbers for each graph instance in a given class; (2)
statistics summary for each table such as mean, standard deviation, con�dence
interval for the mean, minimum and maximum; (3) tables of crossing numbers
for each graph instance across all classes; (4) summary of crossing number statis-
tics across all classes; (5) treatment-speci�c 2-layer graph orderings, archived for
each equivalence class. Currently, orderings for Treatment 19 only are posted,
since this treatment has generated node orderings with a crossing number mean
that is consistently best across all equivalence classes.

The graph orderings, posted for Treatment 19, have been evaluated for a
crossing number independently of the treatment that generated this order. The
program we use is cn eval, also available from the DoE 0003 archive. The pro-
gram can be invoked with a simple command line

cn_eval graph.dot graph_trxxxx.ord

 DoE_0003
          \
          |_ circuitClasses
                        \
                        |_ref_planar_002_WBB
                        ...........
                        |_ref_multi1_128_WBB
                                   \
                                   |_ 0001.blif
                                   |_ 0001.dot
                                   |_ 0001.ord
                                   |_ 0002.blif
                                   .........
                       .........
           |_ referenceCircuits
                       \
                       |_ ref_planar_002
           .......
                       |_ ref_multi1_128
                       .......
           |_ treatmentComparisons
           |_ treatment_0000
           |_ treatment_0001
           |_ treatment_0002
           .....
           |_ treatment_0019

 treatment_0019
             \
             |_ ref_planar_002_allClasses
             .......
             |_ ref_multi1_128_allClasses
                            \
                            |_ allClasses_cn.sum1
                            |_ allClasses_cn.table
                            |_ WBB.orders
                                       \
                                       |_0001_tr0019.ord
                                       |_0002_tr0019.ord
                                       |_0003_tr0019.ord
                                       .......
                                       .......
                             |_ WBB.sum1
                             |_ WBB.table
                             |_ WD.orders
                             |_ WD.sum1
                             |_ WD.table
                             |_ WRD.orders
                             |_ WRD.sum1
                             |_ WRD.table

Fig. 9. DoE 0003 under http://www.cbl.ncsu.edu/experiments/DoE Archives/
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where graph.dot is an instance of the graph description in dot format, and
graph trxxxx.ord is the ordering associated with treatment xxxx (both formats
are described brie
y in this Appendix; dot format is also described on the Web
[10]). The initial orderings for all instances of equivalence classes posted on the
Web are associated with a random order, i.e. Treatment 0. The output of cn eval

is a single line of the form

graph_trxxxx crossings

where crossings is the number of crossings obtained when the graph is embedded
using the given order.

The unique feature of our experimental design is thus the separation of the
experiment into three parts: (1) the generation of experimental data (in this
case programs that generate equivalence classes based on actual circuits), (2)
the execution of heuristics, and (3) the evaluation of the cost function for the
results produced by a heuristic. This separation of execution and evaluation
makes it possible for other researchers to run their own heuristics on our data,
submit new data to our heuristics, and evaluate any ordering independently with
cn eval.

Heuristics reported in this paper are implemented in the program unfold2,
also available from the Web under the DoE 0003 archive. It is invoked with the
command line

unfold2 -tr=N graph.dot order.ord

where N is the treatment number (as described in the paper). The extensions .dot
and .ord are the expected extensions for graph description and layer ordering
�les, respectively. The program creates an output �le called graph trxxxx.ord,
where xxxx is a 4-digit version of the treatment number (padded with 0's).
This �le speci�es the ordering of the nodes on each layer as determined by the
speci�ed treatment.

Dot format. The expected input-�le format for the graph.dot �le is

digraph graph_name { statement; ... statement; }

where each statement de�nes an edge layer0 node -> layer1 node.
Arbitrary white space is allowed between and within statements.

Ord format. An .ord �le contains a sequence of layer descriptions separated
by white space. Each layer description is of the form

layer_number { node_1 node_2 ... node_k }

where the layer number is an integer (0 or 1 in the case of bipartite graphs,
but the notation can be generalized to more than 2 layers) and the node i's are
names of nodes on the given layer. The current implementation requires that all
nodes of the layer be present in the list and occur exactly once. The list speci�es
the left-to-right ordering of nodes on the given layer.

Anything between a # and the end of the line is interpreted as a comment.
Arbitrary white space and/or comments can occur before the f, between nodes,
or on either side of a layer description.


